Tight uniform algebras and algebras of analytic functions  by Cole, Brian J & Gamelin, T.W
JOURNAL OF FUNCTIONAL ANALYSIS 46, 158-220 (1982) 
Tight Uniform Algebras and Algebras of 
Analytic Functions 
BRIAN J. COLE* 
Brown University, Providence, Rhode Island 02912 
AND 
T. W. GAMELIN+ 
University of California, Los Angeles, California 90024 
Communicated by Irving Segal 
Received May 15, 1981 
A uniform algebra A on a compact space X is tight if for each gE C(X), the 
Hankel-type operator f -+ gf+ A from A to C/A is weakly compact. Two families of 
uniform algebras are shown to be tight: the algebras such as R(K) that arise in the 
theory of rational approximation on compact subsets of the complex plane, and 
algebras of analytic functions on domains in C” for which a certain &problem is 
solvable. A couple of characterizations of tight algebras are given, and one of these 
is used to show that the property of being tight places severe restrictions on the 
Gleason parts of A and the measures in A’. 
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1. INTRODUCTION 
Let A be a uniform algebra on a compact space X. For g E C(X), let 
s, : A -+ C(x)//4 
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be the Hankel-type operator defined by 
S,(f) =&f+ A, SEA. (1.1) 
We say that the algebra A is tight on X if S, is a weakly compact operator 
for all g E C(X). It will be shown (Section 4) that this occurs just as soon as 
the operators S, are weakly compact for sufftciently many g E C(X) to 
generate C(X) as a uniform algebra. 
Let A ** denote the double dual of A. There is a natural multiplication 
p-+-p, defined for FEA** and measures ,u. It is proved (Section 10) that A 
is tight if and only if for each FE A **, the operator ,u -+ Fp is continuous on 
A’, when A’ is endowed with the weak-star topology. 
The double dual C(X) ** of C(X) can be regarded as a uniform algebra on 
its spectrum, and A * * can be regarded as a closed subalgebra of C(X)* *, as 
can C(X). The linear span A** + C(X) is always a closed subspace of 
C(X)**. It turns out (Section 4) that A is tight if and only if A** + C(X) is 
a closed subalgebra of C(X) * *. 
The property of being tight is, roughly speaking, the abstract analogue of 
the solvability of a certain abstract a-problem with a small gain in 
smoothness. This property places rather severe restrictions on the algebra A. 
For instance, if A is a separable tight uniform algebra, then there are at most 
countably many nontrivial minimal reducing bands for A’- (in particular 
there are at most countably many nontrivial Gleason parts), which account 
for all the measures in A’. Thus the algebra of analytic functions on a 
polydisc in G”, n > 2, is not tight. 
In the positive direction, we show (Sections 2 and 6) that two prominent 
families of uniform algebras are tight. One is the family of T-invariant 
algebras on compact subsets of the complex plane, including R(K) and A(K). 
The other family includes the algebras A(D) of functions continuous on fi 
and analytic on D, where D is a strictly pseudoconvex domain in 6” with 
smooth boundary, or more generally, where D is a bounded domain in C” 
for which a certain a-problem is appropriately solvable. It is hoped that this 
point of view will shed some light on the class of domains for which the 8- 
problem is solvable with sup-norm estimates and gain in smoothness. 
In a seminal paper [25], D. Sarason showed that H”(df?) + C(&l) in a 
closed subalgebra of L”(d@, where d6’ is the arc-length measure on the 
boundary of the open unit disc A in the complex plane. Sarason’s result was 
extended to the unit ball in C” by W. Rudin [24], (the results having been 
obtained independently by the authors [9]), and to strictly pseudoconvex 
domains in C” by A. Aytuna and A.-M. Chollet [ 11. In Section 16, we will 
extend these results, showing that if A is tight, and if u is a sufficiently ample 
measure on X, then H”(a) + C(X) is a closed subalgebra of L”O(a). The 
conditions are sufficiently general to include, in addition to the examples 
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cited above, such algebras as the weak star closure A(D) in L”O (p), where D 
is a bounded domain in the complex plane, and ~1 is the harmonic measure 
on 8D. 
Our notation and terminology is that of the monograph (71. The maximal 
ideal space of A is denoted by MA, and the functions in A will be regarded as 
continuous functions on MA. All measures will be regular finite Bore1 
measures. The Banach space of measures on X is denoted by M(X). For 
cr E M(X), the weak-star closure of A in La(o) is denoted by ZP(a). 
A band of measures on X is a closed subspace 9 of M(X) such that if 
v E 3 and ,u & V, then p E .9. A detailed discussion of bands of measures 
appropriate for our purposes is given in an appendix, Section 20. Here we 
indicate the basic concepts, referring to Section 20 for more details. 
The complementary band of ,9, denoted by L!?‘, consists of the measures 
on X that are singular to each measure in 2. Thus M(X) = %5!? @ .S’, and 
there is a norm-one projection of M(X) onto ,%’ annihilating .9’. 
An element of the space Lm(J8’) consists of an aggregate of functions 
F= F’,l,a where each F, E La(v), sup ]/ F,,II = ]] FII is finite, and the F,.‘s 
satisfy a compatibility condition, that F, = F,, a.e. (dp) whenever v E .5? and 
p < V. Elements F E L”O(.-59) may not be identified with point functions on X, 
yet for notational simplicity we omit the indices, and regard F as itself 
belonging to La(v) for each v E .S. 
The space L”O(3) may be identified with the dual space ,8* of .5. The 
weak-star closure of A in L”(.5%‘) is denoted by HcO(.5?). If 9 is the band 
L’(v) of measures absolutely continuous with respect to V, then H”O(J5’) 
coincides with Ha(v) as defined earlier. Note that C(X)* * z M(X)* g 
Lm(M(X)), while the double dual A * * of A may be identified with 
ff”OPm). 
A band 9 is reducing if whenever v E A ‘, then the projection of v into J# 
also belongs to A’. Each band LY in M(X) corresponds to an idempotent P
in C(X)* *, defined so that P = 1 a.e. (dv) for v E 5!? and P = 0 a.e. (dq) for 
v E .8’. A band 2 is reducing if and only if its idempotent belongs to A * *. 
For D a domain in C”, we denote by Ha(D) the uniform algebra of 
bounded analytic function on D, and we set A(D) = W’(D) n C(D), the 
algebra of analytic functions on D that extend continuously to the closure of 
D. 
For purposes of establishing a prototype, we begin in Section 2 by 
describing the double dual A(D) ** of A(D) under appropriate conditions on 
the domain D in G”. After an initial discussion of tight algebras in Sections 
3 and 4, we return in Section 5 to show A(D) is tight, again with appropriate 
restrictions on D. The “T-invariant” algebras from rational approximation 
theory are treated in Section 6, while Section 7 contains a general 
construction for manufacturing tight algebras. Sections 8 and 9 are devoted 
to some abstract questions concerning tight algebras. 
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Section 10 includes the second characterization of tight algebras. In 
Section 11 it is shown that tight algebras may be recovered in some sense 
from tight algebras with a single nontrivial reducing band. In Section 12 the 
results are applied to A(D). Section 13 is directed towards the problem of 
introducing analytic structure into the maximal ideal space of a tight algebra. 
In Sections 14 through 16 we consider a more abstract framework, in 
which A * * is replaced by Hm(.J8). Section 17 includes more technical 
material on T-invariant algebras, while Sections 18 and 19 are devoted to 
algebras associated with ordered groups. The background material on 
reducing bands is relegated to an appendix, Section 20. 
2. THE DOUBLE DUAL OF A(D) 
Let D be a bounded domain in 6”, 12 > 1. In order to have at hand a 
prototypical example, we derive in this section a representation theorem for 
the double dual of ,4(D) in the case that the &problem is solvable on D with 
sup-norm estimates and mild gain in smoothness. We also show, under the 
same conditions, that A(D) is tight. The specific property required of D is 
the following. 
There is a weakly compact subset W of C(D) such that for 
any infinitely differentiable (0, I)-form w satisfying aw = 0 
in a neighborhood of fi and (] w]], < 1, there is h E W 
satisfying a/r = w on D (in the sense of distributions). (2.1) 
Property (2.1) is enjoyed by strictly pseudoconvex domains with smooth 
boundaries. In the case that D is a strictly pseudoconvex domain with C4 
boundary, N. Kerzman constructs in [ 191 an operator that solves the & 
problem which is actually compact. As remarked in (5, p. 4001, the estimates 
of N. Ovrelid [22] can be combined with Kerzman’s work to lower the 
differentiability requirement on 80 to C*. 
Property (2.1) is also enjoyed by certain classes of pseudoconvex domains 
that are not necessarily strictly pseudoconvex. For instance, if the a-problem 
can be solved on D with Holder estimates, then D has property (2.1). Range 
[23] has shown that such estimates obtain for any bounded convex domain 
in C* with real-analytic boundary. Range also obtains solutions to the a- 
problem with Holder estimates for circled domains in Cc” of the form 
D={zEC":lz,Iml_t...+Iz,Im,< l}, 
where m ,,..., in, are positive even integers. 
5R0!46!2 3 
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Finally, property (2.1) is enjoyed by certain domains that fail to be 
pseudoconvex. For instance, for fixed 0 < Y < 1, the spherical shell 
D=(zEC”:r<lzl< 1) 
has the property (2.1), providing n > 3 [ 171. 
2.1. THEOREM. Let D be a bounded domain in G” with C’ boundary, 
such that D has property (2.1). Then A(D) is a tight uniform algebra on 0. 
Proof. Let [ E aD, let B be a suitably small ball centered at i, and let g 
be a C” function supported on B such that ]]Jg]], < 1. We claim that S, is 
weakly compact. Indeed, let fE ball A(D). Let u be the unit outer normal 
vector to 30 at <. For t > 0 small, delinef,(z) =f(z - to), define w, =f,ag 
near B no, and extend mt to be zero near D\B. Then a;, = 0 in a 
neighborhood of 0, and ]]oJoo ,< 1. By hypothesis, there exists h, E W such 
that gh( = w, on D. Setting f, g = 0 on D\B, we obtain g(h! -f, g) = 0 on D, 
so that h, -f,g E A(D). Now 
IIs,(h,+AI/=IIfg-h,+AII,<IIfg-f,gl/. 
As t tends to 0, ]] fg -f, g]] + 0, and the estimate shows that S,(f) lies in the 
norm closure of W/A, a weakly compact subset of C(D)/A. Since this is true 
for all fE ball A(D), S, is weakly compact. 
Next let g be any continuous function supported on a compact subset of 
D. Then g ball A(D) is precompact in C(D), so that S, is a compact 
operator. In any event, S, is a weakly compact operator for a family of 
functions g whose closed linear span coincides with C(D). Since the 
correspondence g + S, i? linear and continuous in g, S, is a weakly compact 
operator for all g E C(D). I 
Next we turn to the description of A(D)**. Let 9, be the band of 
measures on D generated by A’, and let .4”’ be the band of measures singular 
to each measure in A’. Then 
A(D)** z H”O(9J @Lm(<Y). 
(See Section 20 for further details of this decomposition.) 
Suppose that fE ZP(9J. Since ball A is weak-star dense in ball A* *, 
there is a net {f,} in A(D) such that ]] f,]] < l]F]] and {f,} converges weak- 
star to F in H”(gJ, that is, {f,) converges weak-star to F in H”(v) for all 
VE.8,. Since the evaluation functionals at points of D are weak-star 
continuous, (f,) converges pointwise on D to some function FE H”O(D). In 
TIGHT UNIFORM ALGEBRAS 163 
fact, if p, is harmonic measure on aD for z E D, then ,D; E &?,, and F’ is 
given by 
F(z) = (_ Fdp,, z E D, F E Ha?(9J. P-2) 
The correspondence F-+ F from H”O(&Y1) to H”O(D) is evidently an algebra 
homomorphism, and ]]F]] ,< (JFII. 
2.2. THEOREM. Suppose that D is a bounded domain in C” with C’ 
boundary, such that D has property (2.1). Let 3!Yl be the band of measures 
on 5 generated by A’. Then the map F -+ P defined by (2.2) is an isometric 
isomorphism of H*(91) onto H”O(D). Thus 
A(D)** E H”O(D) @ L”(9). 
Proof. Any bicontinuous algebra isomorphism between two uniform 
algebras is an isometry. (This reflects the fact that any nonzero complex- 
valued homomorphism of a uniform algebra has unit norm.) Thus it suffices 
to show that the map F-, F is one-to-one and onto. For this, we adapt 
techniques of Henkin [ 151, Kerzman [ 191 and Cole and Range 151. 
First we show that the map is onto. Let {Bj] be a cover of aD by small 
open balls centered at points cj E aD, let vj be the outer unit normal to aD at 
Cj, and let gj be a C”O function supported on Bj such that 2 gj = 1 on a 
neighborhood of 30. Let fE Ha(D). For t > 0 small, define h,(z) = 
f (z - tvj) in a neighborhood of Bj n 0, define uj,, =fj.,8gj near B,i n D, and 
extend mjqr to be 0 in a neighborhood of D\Bj. Set o, = xi w,~,,. Then 
%IJ, = 0 in a neighborhood of 0, and the w,‘s are uniformly bounded for 
t > 0 small. Using property (2.1), we may choose h, belonging to a weakly 
compact subset of C(D) such that ah, = w, on D, and we may furthermore 
assume that {h,} converges weakly to h E C(D) as t tends to 0 through an 
appopriate net. 
a(ht - C gjfj,t> = 0 
Extending gjA..[ to be 0 on D7Bj, we obtain 
on D, and h, - C gjfi,, E A(D). Moreover, h, - C gjfj,, 
converges pointwise to h - C gjf on D, so that h - C gjf E H”O(D). Thus 
f+h-Cgjf=h+(1-Cgj)f is analytic on D, and it is continuous on 0, 
so that it belongs to A(D). Hence F, =f + h - 2 gjf - (h, - JJ g,h,,) 
defines a bounded net in A(D) that converges pointwise tofon D. If F is any 
weak-star adherent point of (F,} in H”O(9,J then F= f, and the map is onto. 
Finally we show that the map is one-to-one. Suppose FE H”(.9,) 
satisfies $ = 0. Let (f,) be a bounded net in A(D) that converges weak-star 
to F in H”O(3J. Then (f,} converges pointwise to 0 on D. Let v E A(D)l. It 
suffices to show that F = 0 a.e. (dv), i.e., that {f,} converges weak-star to 0 
in L”O(v). For this, it suffices to show that J” Fg dv = 0 for all Cm functions g 
supported on a small ball B centered at c E 30. 
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As before, let u be the outer unit normal vector to 8D at [, and define 
f,,,(z) =fJ(z - tv). Set co,,( =f%,,ag near B nc, and extend w,,, to be 0 in 
a neighborhood of D\B. Then au,,, = 0 near D, and by multiplying g by a 
small positive constant if necessary, we may assume that ]]w~.~]/~ < 1 for t 
small and all a. By (2.1), there exists h,,, E W such that ~Iz~,~ = cc),,, on D. 
Defining f,, g to be 0 on D\B, we obtain a<f,, g - h,,) = 0 on D, and 
f,, g - h,, E A(D). We may suppose that h,, converges weakly to h, E W as 
t + 0. Thenf,, g - h,, converges weakly tof, g - h,, and f, g - h, E A(D). 
We may suppose also that {h,} converges weakly to h E W. Then f, g - h, 
converges pointwise to 4 on D, so that h is analytic on D, and h E A(D). 
Now {f, g - h, + h) is a bounded net in A(D) that converges weak-star in 
H” (13) to Fg. Since v E A’, we have 1 Fg dv = lim c (f, g - h, + h) du = 0, 
as required. I 
The hypothesis of Theorem 2.1 and 2.2 that aD be C’ may be relaxed. 
What is required is that for each c E BD, there be a vector v and an open ball 
B centered at c such that for small t > 0, (B n D) + tv includes some fixed 
neighborhood of [ in 0. This occurs for instance when D is geometrically 
convex, or when fi is logarithmically convex and disjoint from the coor- 
dinate axes. The results will be applied, under this latter hypothesis, in 
Section 12. 
There are a number of properties of A(D) and A(D)’ that may be 
developed as consequences of Theorem 2.2, as in [5, Section 21. We mention 
just one consequence, that occurs just as soon as the map F + F’ is an 
isometric isomorphism of H”O(9J and H”O(D). 
2.3. COROLLARY. Suppose that D is a bounded domain in C” with C’ 
boundary, such that D has property (2.1). For each f E H”‘(D), there exists a 
sequence {fi}g, in A(D) such that /l&II < 11 f/I, while& converges uniformly 
to f on each compact subset of D. 
Proof. This follows from Theorem 2.2 and the fact that ball A(D) is 
weak-star dense in ball H”O(9,). 1 
3. THE SPACEA**+C 
Let .K be a Banach space, and let 3 be a closed subspace of X. The 
double dual % * * of B can be identified with the subspace 3” of .Z* *, 
while the double dual (s/P) ** of the quotient Banach space .,%I-% can be 
identified with the quotient space .%“**/P” = YF**/$**. The fact that the 
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canonical embedding of ~,%I$ into ,,‘K**/>** is an isometry is expressed 
by the relation 
d(x, P) = d(x, P * “), XES’, (3.1) 
where d denotes the distance measured in Z**, and .K, P and s** are 
regarded as subspaces of ,%“**. In particular, 
From estimate (3.1) we see that the cosets of elements of Z form a closed 
subspace of .K* */$ **. Since the quotient map of .%* * to Z’**/$** is 
continuous, the linear space % + a* * is a closed subspace of %**. 
If we specialize these observations to the uniform algebra A, regarded as a 
subspace of C(X), we obtain the following. 
3.1. THEOREM. Regarding A, A** and C(X) as subspaces of C(X)**, 
we have 
d(h,A)=d(h,A**), all h E C(X), 
where d denotes the distance in C(X)**. In particular, 
A**nC(X)=A. 
Furthermore, A * * + C(X) is a closed subspace of C(X) * *. 
Utilizing the representation C(X)* * z L”) (M(X)) we see that C(X)* * is a 
commutative B*-algebra (see Section 20). Letting C(X) denote the maximal 
ideal space of C(X)* *, we obtain from the Gelfand-Naimark theorem the 
representation 
c(x)* * E C(C(X)). 
Both C(X) and A** are closed subalgebras of C(X)**. 
We are interested in determining when A* * + C(X) is a subalgebra of 
c(x)* *. In case it is an algebra, Shilov’s generalization of the 
Stone-Weierstrass Theorem allows us to describe the algebra. Let C, denote 
the tibre of C(X) lying over x E X, that is, Z, is the collection of 
homomorphisms in Z(X) that evaluate functions in C(X) at x. By Shilov’s 
Theorem, and by standard results on uniform algebras [7, Chapter II], we 
obtain the following. 
3.2. THEOREM. Suppose that A * * + C(X) is a subalgebra of C(X)* *. 
Then A * * + C(X) consists of precisely the functions F E C(X)* * such that 
Flxx E A * * Izx for each x E X. Furthermore, each restriction algebra A * * ItI 
is a closed subalgebra of C(L,). 
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4. CONDITIONS FOR~A** GA** +c 
In this section we give conditions on a fixed g c C(X) that guarantee that 
gA ** c A* * + C(X). We begin by stating a well-known fact about weakly 
compact operators [26, Theorem VI.4.21. 
4.1. LEMMA. Let .%‘ and ,jYbe Banach spaces, and let S be a bounded 
linear operator from 3” to y. Then S is weakly compact if and only if 
S**(.%“**) is contained in the canonically embedded image of jY in jY**. 
Recall that for fixed g E C(X), we have defined the Hankel-type operator 
S from A to C(X)/A by 
s,(f)=s;r+A, fEA. 
Evidently S, is continuous, and 
IIS,Il G II &4x. 
The dual of S, is the operator 
S;:A’+A* 
given by 
s*tP> = gP3 /lEAi. 
The double dual of S, is the operator 
Sf*: A** -+ C(X)**/A** 
given by 
S,**(F)=gF+A**. 
Applying the preceding lemma to Z = A and JY = C(X)/A, we obtain 
immediately the following criterion. 
4.2. LEMMA. Let A be a un$orm algebra on X, and let g E C(X). Then 
gA - * * c A * * + C(X) if and only if S, is a weakly compact operator. 
Now let B be the set of all g E C(X) such that gA ** c A ** + C(X). 
Evidently B is a closed subalgebra of C(X) containing A. Recall that we 
have defined A to be tight on X if S, is weakly compact for all g E C(X). By 
Lemma 4.2, this occurs if and only if B = C(X), and we obtain the following 
characterization of tight algebras. 
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4.3. THEOREM. The following are equivalent, for a untform algebra A on 
X: 
(i) A is tight on X. 
(ii) There is a subset .V of C(X) such that .F and A generate C(X) as 
a untform algebra, while S, is weakly compact for each g E 5. 
(iii) A* * + C(X) is a closed subalgebra of C(X)**. 
As the simplest nontrivial example, we take X = &I to be the boundary of 
the open unit disc d = (lzl < 1) in the complex plane, and A to be the disc 
algebra A(A). The operator S, corresponding to the function g(z) = Z on &l 
is given by 
SAf)=zTf+A=zSf(O)+A, fEA. 
Hence S, is one-dimensional, in particular weakly compact. Since A(A) and 
I generate C(&l), Theorem 4.3 shows that A(A) is tight on &I. This result is 
also included as a very special case of Theorem 2.1, once one observes that if 
A(D) is tight on 0, then it is tight on aD. 
In the two cases of principal interest to us, it is possible to find tractable 
linear operators 
that satisfy 
R,: A + C(X), 
R,(f) - &fE A, fEA. (4.1) 
Such an operator is called a remainder operator. Condition (4.1) is 
equivalent to the condition that S, is the composition of R, and the natural 
projection from C(X) to C(X)/A. In particular, if R, is weakly compact, then 
so is S,, and we have the following immediate consequence of Theorem 4.3. 
4.4. THEOREM. Let .Y’ be a subset of C(X) which, together with A, 
generates C(X) as a uniform algebra. Suppose that for each g E .F, there 
exists a weakly compact operator R, satisfying (4.1). Then A is tight on X. 
The remainder operator R, may be viewed as solving an abstract a- 
problem. Suppose for instance that 8 is an operator defined on a dense subset 
of C(X), such that a( gh) = g8h + hag, and such that ag = 0 if and only if 
g E A. From (4.1) we compute that for f E A and g E C(X) appropriate, the 
J-equation 
au =fag 
has solution u = RgJ In Section 2 the ccnnection between the solvability of 
a &equation and an appropriate algebra being tight was exploited. Here we 
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note in passing how remainder operators may be introduced to handle the 
strictly pseudoconvex case, as done by Rudin [24] and Aytuna and Chollet 
111. 
In the strictly pseudoconvex case, one may obtain a compact remainder 
operator R, for any smooth function g by utilizing Henkin’s reproducing 
kernel K(z, w). The operator R, is defined by 
(R,f)(z) = 1 f(w)1 g(z) - g(w)1 KG, w) Ww), 
ar, 
where u is the volume measure on 80. Standard estimates, using bounds on 
the growth of K(z, w) at z = w, show that R, is a compact operator on C(D). 
The reproducing property of K yields the formula 
(R,f)(z) - &)f(z) = -j;Df(w) g(w) K(z, w> d4w), f E A(D). 
Since K(z, w) depends analytically on z E D, R, f - gf belongs to A(D) 
whenever f does, and R, is indeed a compact remainder operator. 
5. THE SPACE Ha(D) + C(D) 
Let D be a bounded domain in C” with C’ boundary, such that the a- 
property (2.1) is valid. By Theorem 2.1, A(D) is tight on fi, so that by 
Theorem 4.3, A(D)** + C(D) is a closed subalgebra of C(D)**. We wish to 
show in this section how this implies that H”O(D) + C(D) is a uniformly 
closed algebra of continuous functions on D. This particular problem will be 
treated more systematically in Sections 14 through 16. 
Let 1, denote the volume measure on D. From Theorem 2.2 it is 
immediate that HW(D) coincides with the weak-star closure H”(A,) of A(D) 
in L”O(J,). Since the projection C(D)** -+L”O(A,) is multiplicative, the 
projection H”O(D) + C(B) of A(D)* * f C(D) into L o”(;lD) is an algebra. 
Similarly, it is not hard to deduce that if o is the area measure on 30, then 
H*(u) + C(aD) is a subalgebra of L”O(o). However, it requires some extra 
effort to show that these algebras are closed. Towards this goal, we establish 
a lemma which provides a localization property with respect o orthogonal 
measures. This property will be formalized in Section 16 as “property (#).” 
Again let 9l denote the band generated by A(D)‘. For FE H”O(9J 
define FE H”O(D) to be the Poisson integral of F, as in (2.2). By 
Theorem 2.2, the map F -+ F” is an isometric isomorphism of H”O(3J onto 
H*(D). 
5.1. LEMMA. Let D be a bounded domain in 6” with C’ boundary, such 
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that property (2.1) is valid. If v E 91, and c E 80 belongs to the closed 
support of v, then 
Proof Set f = F” E H*(D), and suppose that 
Let B be a small ball centered at [ such that IfI < 1 on B n 0. Let g be an 
infinitely differentiable function supported on B such that g = 1 on a very 
small ball B, centered at [. Set c = (I ggll,, and M = sup { )I h 1) : h E W}, where 
W is the weakly compact set appearing in property (2.1). Let u be the unit 
outer normal vector to 80 at c. For t > 0 small, define f,(z) =f(z - tv), 
define wI =f,8g near B no, and extend o, to be zero near OTB. Using 
property (2.1), we obtain h, E cW such that ah, = w, on D, so that 
h, -f, g E A(D). If h E cW is a weak cluster point of h, as t + 0, then 
h -fg E Ha(D). We claim that h - Fg E H”O(SJ. Indeed, since 
Hm(S1) + C(D) is an algebra, we may write Fg = G + k, where 
G E H”O(.9J and k E C(D). Then h - Fg + G = h - k is analytic on D, so 
that h - k E A(D), and h - Fg = h - k + G E H”O(9,). Furthermore, since 
llht-f,gl( <llhJl +/lf,gll <CM+ 1, we have llh-fgll <CM+ 1. Since the 
projection Hm(S1) --t H”O(D) is an isometry, I( h - Fgll < CM + 1. Since 
g= 1 on B,, we obtain IFI < 2cM + 1 on B,, that is, IFI < 2cM+ 1 a.e. for 
the restriction of v to B,. Applying this estimate to F”, taking mth roots, 
and letting m + co, we obtain IFJ < 1 v- a.e. on B,. Estimate (5.1) 
follows. I 
5.2. THEOREM. Let D be a bounded domain in C” with C’ boundary, 
such that D has property (2.1). Let 91 be the band of measures on D 
generated by A(D)‘, and let A, be the volume measure on D. Then the 
projection L “(.9J - L”O(1,) maps H*(9’,) + C(D) isometrically and 
isomorphically onto Ha(D) + C(D). In particular, Hm(D) + C(D) is a 
closed subalgebra of L”(&,). 
Proof. Let FE H”O(9J and g E C(D) satisfy 1 F + gl ,< 1 on D. For 
each fixed [E 80, we then have on account of the continuity of g that 
From Lemma 5.1, we obtain 
v - ess lun~~p 1 F(z) + g(c)1 < 1 
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for all v E gL with [ E supp(v). Again since g is continuous, 
v - ess limJ;p [F(z) + g(z)1 < 1, v E 91, (I E (80) n supp(v). 
Hence IF + gl< 1 a.e. (dv) for all v E gL, and 11 F + g[l < 1. Conversely, if 
11 F + g(l < 1, then IF + g( < 1 on D. We conclude that the map is an 
isometry. 1 
5.4. THEOREM. Let D and BL be as in the preceding theorem and let o 
be the area measure on 80. Let H(D) denote the space of continuous 
functions on D that are harmonic on D. Then the projection L”(9,) + 
Lw((o) maps Hw(9J isometrically onto Ha(a), and it maps 
H”O(9,) + H(D) isometrically onto H”O(o) + C(3D). Furthermore, 
Hm(a) + C(8D) is a closed subalgebra of Lm(a). 
ProoJ As before, let ,u, be the harmonic measure on aD for z E D. Then 
each p, is mutually absolutely continuous with respect to u,pZ E .gl and 
F(z) = ( Fp, for all FE Hm(AY1). Since the composition of the projections 
H”O(3,) + H”(u) + H’=‘(D) is an isometric isomorphism, the projection of 
H”O(2SL) into Hm(u) is an isometry. The Krein-Schmulian Theorem shows 
that its range is weaker-star closed, so that Hm(23’J projects onto H”(u). 
The correspondence F -+ J” Fdp, is a norm-decreasing operator from 
H”O(u) + C(3D) onto Ha(D) + H(D). Consider the composition 
H”O(9J + H(D) + H”O(u) + C(8D) + H”O(D) + H(D). 
Each of the maps is norm-decreasing, and the composition is an isometric 
isomorphism, by Theorem 5.2. Hence each of the maps is an isometry. 
Note that H”O(u) t C(3D) is also the image of the projection of 
Hm(9J t C(D) into Lm(u). Since H”(9,) + C(fi) is an algebra, 
H=‘(u) + C@D) is also an algebra. To complete the proof, we must show 
that H“‘(u) + C(aD) is closed, and for this it suffices to establish that 
H”O(9,) t H(D) is closed. 
From the distance estimate of Theorem 3.1 and the decomposition 
A(D) * * z H”D(3’J @ L”O(9) of Theorem 2.2, we obtain a distance estimate 
0, H”O W’J) = d(h, A CD)), h E C(D). 
It follows that if B is any closed subspace of C(D) containing A(D), then 
(H*)(31) t B)/Hm(.5?L) is closed in L”O(91)/Hm(91). Hence 
Hm(JS1) t H(D) is closed. I 
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6. ALGEBRAS ON COMPACT SUBSETS OF THE PLANE 
Let K be a compact subset of the complex plane, let R(K) be the uniform 
closure in C(K) of the functions analytic in a neighborhood of K, and let 
A(K) be the subalgebra of C(K) of functions that are analytic on the interior 
of K. We aim to show that R(K) and A(K) are tight on K. For this purpose, 
we introduce the operator R, defined by 
(R,f)(w)=-+,i,s$dxdy. 
where g is a fixed smooth function supported on a compact subset of the 
complex plane. The operator R, and its relatives are used extensively in 
rational approximation theory (cf. [6-l 21). 
6.1. LEMMA. The operator R, is a compact operator from Lm(K, dx dy) 
to C(K). 
Proof: Let E > 0. Let k, be a continuous function on C such that 
k,(z) = l/z when IzI > E, and IkE( < l/s. Define 
(R,f>(O = - ; j-j S(z) 2 k,(z - C) dx dy, f E Km(K, dx dy). 
K 
Then 
I(R,f)(C) - VLf)(~)l <I If l dx dy 
K 
o. ;y IkdC-z)-46ZI. 
It follows that R, maps bounded subsets of Lm(K, dx dy) to equicontinuous 
subsets of C(K), consequently R, is compact. We must show that 
JIR, - Rgll + 0 as E -+ 0, and for this it suffices to show that the net (R,} is 
Cauchy. 
Suppose 0 < 6 < E. Then 
I I k,G - C-1 - kc@ - 01 dx dy K 
< 
li 
[Ikdz - CI + Ikdz - 011 ‘ix dy Ir-SI<E 
<2 Jj 1 ~ dx dy = 47~~. Ir-SIG& Iz -Cl 
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K’ 
and II& - &II< 4~ IIWZll. I 
Before treating R(K) and A(K), we turn briefly to the algebras A(D), 
which essentially include A(K) as a special case. 
6.2. LEMMA. Let D be a bounded open subset of the complex plane and 
define R, as above, with K = 0. Then R, is a remainder operator for A(D), 
that is, RJ - gfE A(D), whenever f E A(D). 
Proof: Extend f E A(D) to be continuous on the complex plane, with 
compact support, and define 
Then G is continuous on the complex plane and analytic on D [7, p. 291, so 
that in particular G E A(D). By Green’s theorem, 
The latter integral depends analytically on w E D, and we conclude that 
Rgf - &fE A(D). 1 
6.3. THEOREM. If D is any bounded open subset of the complex plane, 
and g E C(D), then the Hankel-type operator S, from A(D) to C(D)/A(D) is 
compact. In particular, A(D) is tight on D. 
Proof. If g is smooth, then Lemma 6.1 and 6.2 show that R, is a 
compact remainder operator, so that S, is also compact. Approximating an 
arbitrary g uniformly by smooth functions, we see that each S, is 
compact. I 
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The algebra A(K) consists of the functions in A(K’), extended in all 
possible continuous ways to K. Since A(K’) is a tight uniform algebra on 
K”, it is easy to conclude that A(K) is a tight uniform algebra on K. This can 
also be seen by observing that R, is a remainder operator also for A(K). The 
same goes for R(K). 
6.4. LEMMA. The operator R, is a remainder operator for R(K), that is, 
RJ - gfE R(K) whenever f E R(K). 
Proof. Suppose first that f is analytic in a neighborhood of K, and 
assume that f is continuous on the complex plane, with compact support. As 
in the proof of Lemma 6.2, the function 
is also analytic on a neighborhood of K, hence in R(K) Now 
By Lemma 2.1 of [21], the integral on the right belongs to R(K). (Indeed, if 
D, is a sequence of bounded open sets that decrease to K, then the functions 
defined by 
are analytic on D, and converge uniformly on K to the integral above.) 
Hence R,(f) -gfE R(K). Passing to uniform limits, we obtain R,(f) - 
gfE R(K) for all f E R(K). I 
6.5. THEOREM. Let K be a compact subset of 6. Then for any g E C(K), 
the Hankel-type operator S, from R(K) to C(K)/R(K) is compact. In 
particular, R(K) is a tight uniform algebra on K. 
ProoJ Apply Lemmas 6.1 and 6.4. D 
Theorem 6.5 is valid for other algebras on K. In fact, we define a closed 
subalgebra A of C(K) to be T-invariant if A 2 R(K), and if R,f - gfE A for 
all f E A and all smooth functions g with compact support. Virtually by 
definition, any T-invariant uniform algebra on K is tight. 
We will discuss T-invariant algebras later in more detail. In particular, we 
will show in Section 17 that if Q is the set of nonpeak points of a T-invariant 
algebra, and if 1, is the restriction of the area measure du dy to Q, then 
H”(&) + C(K) is a closed subalgebra of L”(A,). 
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7. CONSTRUCTION OF MORE EXAMPLES 
In this section we will enlarge the class of tight algebras through the 
following construction. 
Let ,4 be any index set, and for each II E A, let A, be a tight uniform 
algebra on a compact space X,. Let X be the one-point compactification of 
the disjoint union of the XA’s, and let A be the uniform algebra on X 
consisting of the continuous functions that belong to A, on X, for each A: 
A = {fE C(X) :fIx.l E A, Ix.I, all ,J E A I. 
We claim that A is tight on X. To see this, fix A E A, and let g E C(X) vanish 
off X,. Since A, is tight on X,, the set { gf+ A, :fE ball A,} is a weakly 
precompact subset of C(X,)/A,. Since g vanishes off X,, we conclude that 
the set {d+ A:fE ball A} is a weakly precompact subset of C(X)/A, and S, 
is a weakly compact operator. Since such functions g, together with the 
constants, generate C(X), Theorem 4.3 shows that A is tight on X. 
The algebra A constructed above is not antisymmetric. In order to obtain 
an antisymmetric algebra with the same properties, we simply select one 
(generalized) peak point xA from each X,,, and identify the xA’s to the point 
at co, considering only functions that have the same value at each of the 
x*‘s. More complicated examples may be obtained by sewing the various 
XA’s together along peak interpolation sets. 
8. THE MAXIMAL IDEAL SPACE OF A** 
The isometric embedding A + A * * induces a projection 
so that n(v) is simply the restriction of w E MA** to A. In this section, we 
give a couple of elementary properties of the projection n. Our first lemma 
shows in particular that rr maps MA** onto M,. 
8.1. LEMMA. Each rp E MA extends td a weak-star continuous 
homomorphism @ E M***(so that z(G) = rp). The weak-star continuous 
extension $ of rp is unique, and every weak-star continuous homomorphism of 
A * * arises in this manner. 
ProoJ: Let u be a representing measure for p. Then 
F(F) = I’ F da, FE C(X)**, 
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defines a weak-star continuous linear functional 6 on C(X)** that is 
multiplicative on A, hence on A **. If (J’ is any other representing measure 
on X for cp, then u -0 determines a weak-star continuous functional on 
C(X)** that annihilates A, hence A **, so that G(F) = J F da’ for all 
F E A * *. Hence @ is independent of the choice of representing measure u for 
(o. Let IC/ be any weak-star continuous homomorphism in MA*.. Then there is 
a measure r on X such that y/(F)=IFdz for all FEA**. By 17, p.331, 
there is a representing measure 0 for the restriction rp = v IA such that c < / r 1. 
Now u - r represents a weak-star continuous functional on C(X)** that is 
orthogonal to A, hence to A **. So v(F)=[Fdu for all FEA**, and 
w=$. I 
We remark that the cross-section cp + @ of z is usually discontinuous. 
The Shilov boundary of A will be denoted by a,, and that of A * * by aA-*. 
8.2. LEMMA. ~(a,..)= ~3~. 
Proof: A may be regarded as a closed subalgebra of C(a,), and conse- 
quently A * * may be regarded as a closed subalgebra of 
C(aA) * * E C(L(a,)). Hence the quotient space obtained from ,I@,,,) by iden- 
tifying points that are identified by A* * is a boundary for A* *. Conse- 
quently every Shilov boundary homomorphism of A* * is the evaluation 
homomorphism at some point of Z(a,). Such a homomorphism, restricted to 
C(a,4), is the evaluation homomorphism at some point of aA, so that 
~(a,,.) s a,,, . On the other hand, if U is a nonempty open subset of &, there 
exists fE A that attains its maximum modulus only inside U. Then 
fo7lEA** attains its maximum modulus only inside n-‘(U), so that aA** 
meets K’(U), and ~(a,*,) meets U. We conclude that n(a,. +) = a,. I 
For F E A** and x E X, we define F(x) = F(g) to be the value of F at the 
weak-star continuous extension x’ of x. In general, F need not be continuous. 
Moreover, if v is a measure on X, then F’ need not coincide anywhere with 
the projection of F in H”O(v). We wish to determine conditions on v which 
guarantee that F = F a.e. (dv) for FE A * *. 
8.3. THEOREM. Suppose that A is tight on X. If FE A* *, then F is 
continuous on x\a,. Furthermore, the projection of F into Ha’(v) coincides 
with F’ a.e. (dv) for any measure v on 48,. 
Proof To prove both statements, it suffices to show that if g E C(X) 
vanishes on a,, then gF E C(X). In this case, gF evidently concides with gF. 
So suppose that g E C(X) satisfies g = 0 on aA. Since A** + C(X) is an 
algebra, there exist G E A** and h E C(X), such that gF = G + h. Since 
g = 0 on 8,) G E A* * n C(a,). By Theorem 3.1, applied to 3, in place of X, 
we find that G belongs to A on a,, that is, there exists G, E A such that 
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G = G, on a,. Regarding G and G, as functions on the spectrum Z(X) of 
cm* *, we have G = G, on n-i(&). In view of Lemma 8.2, we conclude 
that G coincides with G,, and G E A. Thus gF E C(X). 1 
8.4. COROLLARY. Suppose A is tight on X. Then the relative topology of 
x\a, coincides with the weak topology that ,r\a, inherits as a subset of A*. 
In particular, compact subsets of x\a,d are weakly compact (in A*). 
Proof Suppose (x,) is a net converging to x E x\a,4. Since F E A * * is 
continuous on x/a,, F(x,) converges to F(x), and hence x, converges 
weakly to x in A*. 1 
There is another condition guaranteeing F = F a.e. (dv), which does not 
depend on A being tight. 
8.5. THEOREM. Let E be a Bore1 subset of X that is norm-separable, 
regarded as a subset of A *. Then F = F a.e. (dv) for all F E A * * and all 
measures v on E. 
Proof Let {f,} be a bounded net in A that converges weak-star to F in 
A * *. Then {f,} converges weakly to F in L’(v), while f,(x) -+ F(x) for each 
x E X. Thus there is a sequence {h,},“= , of convex combinations of the f,‘s 
that converges to F in the norm of L*(v), and that converges pointwise to F’ 
on a specified countable norm-dense subset of E. Note that the h,‘s are 
uniformly bounded, hence norm-equicontinuous at each point of E. It follows 
that {h,} converges to F pointwise on E. Since v is carried by E, evidently 
F= F a.e. (dv). 1 
One condition which guarantees norm separability of a subset of X turns 
out to apply to the two main families of tight algebras under consideration. 
8.6. THEOREM. Let X be a metrizable space, let Q be an at most coun- 
table union of Gleason parts of A, and let 9o be the reducing band 
corresponding to Q. Suppose there is a positive measure o E 3’o such that 
the projection H”O(9o) + H”O(a) is an isometric isomorphism of H”(9’o) 
onto H”O(a). Then Q is separable, in the norm-topology of A*. 
Proof The projection Ha((,90) + H”O(a) is continuous, from weak-star 
to weak-star topology. Since it is assumed to be an isometric isomorphism, it 
is also a weak-star homeomorphism. Since the evaluation homomorphisms at 
points of Q are weak-star continuous, they have complex representing 
measures in L’(u). Thus the image of the natural map L’(a) + A* includes 
Q. Now X is metrizable, so that L’(u) is separable. Consequently the image 
of L’(u) in A * is separable, and Q is separable. fl 
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Note that any union of Gleason parts, endowed with the metric induced 
by the norm of A*, becomes a complete metric space. Under the hypotheses 
of Theorem 8.6, that space is separable, hence a Polish space. The preceding 
theorem applies to the algebra R(K), for K 5 G. (See Section 17.) In 
particular, each Gleason part of the algebra R(K) becomes a Polish space 
when endowed with the topology of R(K)*. 
Return now to a smoothly bounded domain in C” satisfying hypothesis 
(2.1), so that A(D) is tight on D. Recall that the map F+ F’detined by (2.2) 
is an isometric isomorphism of H”(3J and Hm(D), where ,9L is the band 
of measures on fi generated by A(D)‘. In this case, A(D)** E 
H”O(9J @ L”O(9;). If we extend the definition (2.2) so that C?= 0 for 
G E Lm(3’i), then we obtain a map F -+ f of A(D)* * onto H”O(D) which 
coincides with the map given in this section. In this case, the topology of D 
coincides with the norm topology of D, inherited as a subset of A(D)*. In 
fact, for each of the tight algebras known to us, the weak topology of x\LJ, 
coincides with the norm topology of x\a,, regarded as a subset of A *. It 
would be of interest to clarify this situation, and towards this end we prove 
the following. 
8.7. THEOREM. Suppose that S, is a compact operatorfor each g E C(X) 
that vanishes on 8,. Then the relative topology of x\a, coincides with the 
norm topology that aa,., inherits as a subset of A*. In particular, compact 
subsets of x\a, are norm compact (in A*). 
Proof: Suppose that (x,} is a net in x\a, that converges to x E x\a,,, . 
Choose g E C(X) such that g = 1 in a neighborhood of x, while g = 0 on a,, . 
We may assume that g(x,) = 1 for all a. For each a, let pu, be a representing 
measure on aA for xa, and let 6, denote the point mass at x, . Then 6, -,uu, 
is a bounded net in A’. Recall the adjoint operator Sz from A’ to A * is 
given by q(v) = gv, v E A’. Since SE is compact, and since 
q@, -&> = 6,Y we see that the point measses at the x,‘s form a compact 
subset of A *. It follows that (x,} converges to x in the norm topology of A *. 
Hence the norm topology coincides with the given topology. I 
9. DEPENDENCE ON THE UNDERLYING SETX 
In this section, we will be concerned with the dependence on the 
underlying set X of the property of A being tight. Suppose for instance that Y 
is a compact subset of X such that Y 2 a,. By simply restricting the 
functions in A* * to Z(Y), the spectrum of C(Y)**, one can show easily that 
if A * * + C(X) is a subalgebra of C(X)* *, then A * * + C(Y) is a subalgebra 
of C(Y)**. Thus if A is tight on X, then AI, is tight on Y. More generally, 
‘80 4612 4 
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the following theorem is true, and it enlarges the family of examples of tight 
algebras. 
9.1, THEOREM. Let E be a closed subset of X such that A jE is closed in 
C(E). If A is tight on X, then A lE is tight on E. 
Proof. Let Z denote the ideal of functions in A that vanish on E. Then 
A IE is isomorphic to the quotient space A/Z, so that (A le)* * is isomorphic to 
A**/I “. Note that lli is the weak-star closure of I in A* *, so that all 
functions in Z” project to 0 in L”O(T) for any measure t on E. 
Let g E C(E) and FE (A IE) **. Extends g to a function g, E C(X), and 
choose F, E A * * so that F corresponds to the coset F, + Ill. Then 
g,F, = G, + h,, where G, E A** and h, E C(X). Let h = h,l,, and let 
GE (Al,)** correspond to the coset G, + 1”. If r is any measure on E, 
then the projection of G, t h, in La(t) coincides with that of g,F,. Conse- 
quently gF = G + h in C(E)**, and (A IE)** t C(E) is an algebra. By 
Theorem 4.3, AI, is tight on E. I 
In the reverse direction, we do not know whether A tight on X necessarily 
implies that A is tight on M,,, . In order to develop information on this score, 
we introduce some notation. Recall that z(X) is the spectrum of C(X)* *. 
Let C(X)/- denote the quotient space obtained from z(X) by identifying 
those points identified by A * *. Then C(X)/- may be regarded as a compact 
subset of MA ,*, and in fact C(X)/- includes the Shilov boundary of A* *. 
Define 
z, = 71 - l(x) n (Z(X)/-). (9.1) 
Thus C, consists of precisely those homomorphisms of A* * at points of 
z(X) that evaluate functions in A at x. In particular, .X, includes the weak- 
star continuous extension 2 to A * * of the evaluation homomorphism of A at 
x. From Theorem 8.3, we obtain immediately the following. 
9.2. LEMMA. Zf A is tight on X, then z, reduces to the singleton (2) for 
each x E 43,. 
We may regard C(M,) as a subalgebra of C(M,..), identifying g E C(M,d) 
with g o rr. We do not know whether A ** t C(M,) is even a closed subspace 
of C(M,..) in general. However, the following simple lemma shows that 
A* * + C(M,) being a subalgebra of C(M,.,) is the strongest condition of 
this type that can be imposed. 
9.3. LEMMA. Zf A * * t C(M,,) is a subalgebra of C(M, .*), then it is a 
subalgebra of C(M,)**, so that A is tight on M,. 
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Proof: The first assertion is obtained immediately by restricting the 
functions in A * * + C(M,) to the subset C(M,)/- of MA.*. The remaining 
assertion follows from Theorem 4.3. I 
The following theorem is a partial converse to Lemma 9.2. 
9.4. THEOREM. Suppose that A * * + C(X) is a subalgebra of C(X)* *. 
Suppose furthermore that 
(9 71 -l(p) reduces to the singleton {@} for all (D E M,Cy, and 
(ii) for each x E X, the A * * -convex hull of xc, includes the entire fiber 
r’(x) of MA,*. 
Then A** + C(M,) is a closed subalgebra of C(M,,,), and furthermore A is 
tight on MA. 
Proof. Let g E C(M,) and FE A* *. Choose G E A * * and h E C(X) 
such that gF = G + h in C(X) **, that is, gF = G + h on C (X). Then for 
fixed x E X, gF - G - h(x) = 0 on Z:,. Using (ii) we find that 
gF - G - h(x) = 0 on K l(x), and gF - G assumes the constant value h(x) 
on n-‘(x). Since 7c is one-to-one over M,p by (i), we may extend h to M,4 
by defining h(p) to be the value of gF - G on z-‘(o). Evidently h E C(M,), 
and gF = G + h on MA**, so that A** + C(M,) is a subalgebra of C(M,..). 
Suppose FE A * * and h E C(M,) are such that F + h has unit norm in 
C(M,..). Choose v E MA** so that F + h has unit modulus at v, and set 
cp = n(w) E MA. If t,u = 6, then F + h has unit norm in C(M,)* *, so we may 
assume that v# 6. By (i), a, then belongs to X, and by (ii) there exists 
y E ,Z, such that F + h has unit modulus at y, so that again F + h has unit 
norm in C(M,)**. It follows that F + h has the same norm in C(M,.,.,) as in 
C(M,)* *, for all F + h E A* * + C(M,). Since A* * + C(M,) is closed in 
C(M,)**, it is also closed in C(M,..). This completes the proof of the first 
assertion of the theorem, and the second assertion then follows from 
Lemma 9.3. 1 
9.5. COROLLARY. Suppose that A is tight on X, r-‘(p) = {U;} for all 
a, E M,\x, and each x E X is a peak point for A. Then A** + C(M,) is a 
closed subalgebra of C(M,..), and furthermore A is tight on M,, . 
Proof In this case, n-‘(x) is a peak set for A**, and a simple fact 
concerning uniform algebras implies that z-‘(x) is the A* *-convex hull of 
TC-‘(x)na,,,. Since a,,, is included in Z(X)/-, z-‘(x)n~?,..~Z,, and 
condition (ii) of Theorem 9.4 is valid. The result then follows from 
Theorem 9.4. I 
The preceding corollary applies to the algebra A(D) on a bounded strictly 
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pseudoconvex domain D in C” with sufficiently smooth boundary. In this 
case, the maximal ideal space of A(D) coincides with D (proved by Hakim 
and Sibony [ 141 even for weakly pseudoconvex domains), while every point 
of aD is a peak point for ,4(D). Thus Theorem 2.1 and Corollary 9.5 
combine to show that A(D)** + C(o) is a closed subalgebra of C(M,,,,,.). 
On account of the isomorphism ,4(D)* * g H”O(D) 0 La(Y), the maximal 
ideal space of A(D)* * breaks into two disjoint closed subsets, corresponding 
to the maximal ideal space MHmco, of H”O(D) and that of L”O(.Y). We obtain 
then the following result for strictly pseudoconvex domains, that is formally 
stronger than the cnclusion of Theorem 5.2. 
9.6. THEOREM. If D is a bounded domain in C” with smooth, strictly 
pseudoconvex boundary, then H”O(D) + C(D) is a closed subalgebra of 
M H”(D) * 
Corollary 9.5 may not apply to R(K), since every point of LX need not be 
a peak point. However, it turns out that condition (ii) of Theorem 9.4 is valid 
for R(K); this follows from the dscussion on p. 136 of [ 121. Thus we obtain 
the following. 
9.7. THEOREM. If K is a compact subset of C, then R(K) * * + C(K) is a 
closed subalgebra of the continuous functions on the maximal ideal space of 
R(K)* *. 
Theorem 9.7 will be extended in Section 17 to arbitrary “T-invariant” 
algebras on K, including ,4(K). 
10. CONDITIONS FOR PCEA** + C 
We begin with the following elementary lemma on Banach spaces. 
10.1. LEMMA. Let X and JY be Banach spaces, and let M be a 
continuous linear operator from $Y* to X*. Denote by 2% and 9 the 
canonical embeddings of .X and ‘$4 in X* * and y * *, respectively. The 
following are equivalent: 
(i) M*(.2?) E @, 
(ii) M is continuous with respect to the weak-star topologies of $?* 
and ~Z*, 
(iii) M is the adjoint of an operator from .X to ‘$2 
Proof: Suppose that (i) is valid. Define T from .K to $Y so that 
6 = M*(J), x E x, 
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where the “hat” denotes the canonical image in the double dual. Then 
(T”y”)(x) =y*(Tx) = ii = (M*q(y*) 
= i(My*) = (My*)(x) 
for all x E .X and y* E ‘j! *. Hence T* = M, and (iii) is valid. The other 
implications are proved similarly. fl 
We wish to apply Lemma 10.1 to an arbitrary uniform algebra A on X, to 
give conditions on FE A * * equivalent to FC(X) c A * * + C(X). For this, 
consider the multiplication operator 
defined by 
Evidently 11 MJ < 11 FII . The dual of MF is the operator 
MF: C(X)**/A** -+ C(X)**/A** 
given by 
M*,(G+A**)=FG+A**, GE C(X)**. 
Applying the preceding lemma to 3’ = $Y = C(X)/A, and identifying C(X)/A 
with its isometric embedding in C(X)**/A* *, we obtain the following. 
10.2. THEOREM. For fixed F E A * *. the following are equivalent. 
(i) FC(X) G A * * + C(X), 
(ii) ?@(C(X)/A) E C(X)/A, 
(iii) Mr is continuous with respect to the weak-star topology of Al, 
(iv) Mr is the adjoint of an operator 
T, : C(X)/A + C(X)/A . 
When (i) through (iv) hold, then T,(g + A) is that uniquely determined 
element h + A of C(X)/A such that Fg - h E A * *. 
Proof: Evidently (i) and (ii) are equivalent, and the remaining 
equivalences follow immediately from the lemma. The final statement of the 
theorem reflects the fact that T, is the restriction of M,? to C(X)/A. I 
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Recall that a band 9 of measures is reducing if whenever ,D E A’, then the 
projection of ,U into 9 also belongs to A I. The idempotent corresponding to a 
band .9 is the element P E C(X)* * such that P = 1 a.e. (dv) for all v E 9, 
while P = 0 a.e. (dn) for q E 9’. Thus a band 9 with idempotent P is 
reducing if and only if ~1 E A’ implies P,u E A’, and this occurs if and only if 
P E A * *. For more details, see Section 20. 
As an immediate consequence of condition (iii), we obtain the following 
useful criterion. 
10.3. THEOREM. Suppose that A is tight on X. If 28 is any reducing 
band of measures on X, then A’ (7 9 is weak-star closed. 
Proof: By Theorem 4.3, A ** + C(X) is an algebra, so that if P is the 
idempotent in A* * corresponding to 9, then PA * * E A** + C(X). By 
Theorem 10.2, MP is weak-star continuous. Hence M,,(ball 
A’) = ball(A’ n 59) is weak-star compact. By the Krein-Schmulian theorem, 
A’n9 is weak-star closed. I 
Corresponding to each Gleason part @ of iMA is a minimal reducing band 
of measures, consisting of all measures on X that are absolutely continuous 
with respect to some representing measure on X for a point of @. (See 
Section 20.) If we apply the preceding theorem to the band of measures 
corresponding to @, we obtain the following. 
10.4. THEOREM. Suppose that A is tight on X. If @ is any Gleason part 
of MA, then @\cu is a relatively clopen (closed and open) subset of MAP. 
Furthermore, if {q,} is any net in M,\# converging to a point u, E @, and if 
oa is a representing measure on X for rp,, then a, E X, and (a,} converges 
weak-star to the point mass at p. 
Proof. Let 9 be the reducing band of measure on X corresponding to @, 
and let 9’ be its complementary band, consisting of the measures ingular to 
all measures in 9. Let {q, } be a net in M,\@ converging weak-star to 
(p E @, let o. be a representing measure on X for cp,, and let o be a weak- 
star limit point of the net { ca } . If f E A, then [f-f (rp,)] uu E A ’ f~ 9’, and 
[f-f (rpJ1 oa has [f-f @)I o as a weak-star limit point. Since A’ n 9’ is 
weak-star closed, by Theorem 10.3, [f-f (rp)] o E A’n 9’. However, u is 
necessarily a representing measure for p, and [f-f (rp)] u E A’n 9. We 
conclude that [f-f ((o)] u = 0, this for all f E A, so that cp E X and u is the 
point mass at rp. This establishes the final statement of the theorem. 
In particular, no rp E @\X is a weak-star limit of a net in M,\@. It follows 
that @\cu is relatively open in M,w. Since this is true for all Gleason parts, 
the complement of @v is also relatively open in M,\x, and @v is 
relatively closed in M,\X. 1 
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For any uniform algebra A, there is a decomposition 
where the &9a’s are the nontrivial minimal reducing bands, and d is the band 
of “finely decomposable” measures. (See Section 20.) The next theorem 
shows that E7 = (0) when A is tight. 
10.5. THEOREM. Suppose that A is tight on X. Then 
A’=& @ (A+L~J, 
where {5Ya} is the family of nontrivial minimal reducing bands for A. 
Proof Let 9 = C @ 9a be the sum of the nontrivial minimal reducing 
bands, and let $9’ be its complementary band. We must show that 
A’n 9’ = {O}. 
Suppose A’n 9” # (0). Since 9’ is a reducing band, A’f753” is weak- 
star closed, by Theorem 10.3. Hence ball (A’r728’) is the closed convex 
hull of its extreme points, and in particular there is an extreme point v of 
ball(A’n 9’) such that IIvII = 1. Let GY be the intersection of all reducing 
bands containing v. Then g G 9’, so that ‘Z cannot be a minimal reducing 
band. Thus we may assume that there are nonzero reducing bands g0 and P, 
such that P = G$ @ g, . Let vj be the projection of v into %$,j = 1, 2. Since Pj 
is reducing, vj E A’. On account of the definition of g’, neither vj can be zero, 
so that vj/ll vjll E ball(A’ n 9’). Furthermore, v is a convex combination of 
the measures vj/l/vjll. This contradicts the choice of v as an extreme point, 
and the theorem is established. 1 
10.6. THEOREM. Suppose that A is tight on X. Then the cardinality of 
the set of nontrivial minimal reducing bands does not exceed the cardinality 
of any dense subset of A. In particular, if A is separable, there are at most 
countably many nontrivial minimal reducing bands. 
Proof. As before, let the nontrivial minimal reducing bands be (9a}, and 
let A, = (A’ n *ga)‘. Also, set M, = A’ n ,9;, and 
B, = {f E C(X):f 1 M,}. 
By Theorem 10.3, M, is weak-star closed, so that Bi = M,. 
Since A, is not included in B,, there exists f, E B, whose distance to A, 
exceeds 1. Since B, c A, for all p # a, the balls in C of radius f centered at 
the various fa’s, are disjoint. Since any dense subset of C has at least one 
element in each of these balls, its cardinality exceeds the cardinality of the 
set of f,‘s. 
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Now any dense subset of A determines a dense subset of C of the same 
cardinality, by taking rational linear combinations of products of the 
functions in the set and their complex conjugates. It follows that the 
cardinality of the f,‘s can be no larger than the cardinality of any dense 
subset of A. 1 
The construction in Section 7 shows that the estimate on the cardinality of 
the set of nontrivial minimal reducing bands cannot be improved. If in that 
example we take each X, to be the closed disc d and each A, to be the disc 
algebra A(d), then the nontrivial minimal reducing bands correspond to the 
various XA’s. Their aggregate has the same cardinality as the index set A, 
while A evidently has a set of generators with the same cardinality as A. 
We do not know, except in certain special cases, whether each minimal 
reducing band of a tight algebra corresponds to a Gleason part. 
11. REDUCTION TO A SINGLE REDUCING BAND 
Let .9 be a reducing band for a uniform algebra A. Then 
B = H”O (3) n C(X) 
is evidently a uniform algebra on X, and B I> A. 
11.1. LEMMA. The weak-star closure of A’n 9 coincides with B’, 
where B = Hm(<9) n C(X). 
Proof: Each measure in A'n 28 is orthogonal to H”O(.B), so that B1 
includes the weak-star closure of A’n 9. In the other hand, iffE C(X) is 
othogonal to A'n 9, then fe Hm(v) for all v E 28, so that 
fE HW(9) n C(X) = B. It follows that A'n 9 is weak-star dense in 
B’. I 
11.2. THEOREM. Suppose that A is tight on X. Let 9 be a reducing 
band, and define B = Hm(9) n C(X). Then B is tight on X, and 
B** z H”O(9) @ Lm(9). (11.1) 
Furthermore, the nontrivial minimal reducing bands for B are precisely those 
for A that are included in 9. The space MB is the union of X and those 
rp E M,\X whose representing measures belong to 9. 
Proof: By Theorem 10.3, A'n 9 is weak-star closed, so that by 
Lemma 11.1, B' = A’n 2. This fact, together with the definition of 
H"O(.SY), yields the decomposition (1 l.l), and the final two assertions of the 
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theorem follow readily. Since A ** f C(X) is an algebra, so is 
Hm(,9?) + C(X). From (11.1) we see that B * * + C(X) is an algebra, so that 
B is tight on X. I 
11.3. THEOREM. Let A, and A, be uniform algebras on X such that 
every measure in A+ is singular to each measure in A :. Then A = A, (7 A z is 
a uniform algebra on X, and 
6) A’=A;@A;, 
(ii) A** =A,**nA,** 9 
(iii) C(X)=A, +A,, 
(iv) VYA = [C(WA 110 [ WYA z I s 
Furthermore, A is tight on X if and only $A, and A, are tight on X. 
ProoJ Identities (i) and (ii) are proved by Browder and Wermer in [ 41. 
Indeed, A, ‘+A: is easily seen to be weak-star dense in A’, and 
Lemma 2.4.8 of [3] shows that Ai @A: is weak-star closed, so (i) is valid. It 
follows that A separates points of X, so that A is a uniform algebra on X. 
Since (A, + A,)‘= A+ n Ai = {O\, A, + A, is dense in C(X). Lemma 2.7.7 
of [3] shows that A, + A, is closed, so that (iii) is valid. Identity (ii) follows 
from (i) and the fact that A** = A” in C**. Isomorphism (iv) may be 
defined by 
where g = g, t g,, g, E A,, g, E A,. The isomorphism may be obtained also 
by writing C/A z (A, /A) @ (A2 /A), and observing that A, /A E C/A I) 
A,/A r C/A,. If g = g, + g, as above, then the operator S, from A to 
C/A E (C/A,) @ (C/A,) is given by 
f&f- = (g,f+AJ 0 &I-+A,). 
Thus S, is isomorphic to the direct sum of the operators S,. from Aj to C/Aj, 
j = 1, 2. It follows that S, is weakly compact if and only i/the operators S,, 
and Sgz are weakly compact. This proves the final assertion of the 
theorem. I 
Theorem 11.3 may be extended to arbitrarily many summands, as follows. 
11.4. THEOREM. Let {A,} be a family of uniform algebras on X, and let 
$Z$ be the band generated by Ai. Suppose that the bands G?D are pairwise 
singular, and that for each index ,b,-, , Z @ {A; : /3 # PO} is weak-star closed. 
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ThenA=~A,isauniformalgebraonX,AL=Z@A~,andA**=nA~* 
in C(X)* *. Furthermore, A is tight on X if and only if each A, is tight on X. 
Proof. The proofs of the first statements are similar to the proofs of the 
corresponding statements in the previous theorem. We prove only the final 
statement. 
Suppose first that A is tight on X. Since ‘8$ is a reducing band for A, and 
since A, = H”O(%$) n C(X), Theorem 11.2 shows that A, is tight on X. 
Conversely, suppose that each A, is tight on X. We claim that A is tight. 
By Theorem 10.2, it suffices to show that the operator ,D + Fp on A1 is weak- 
star continuous, for each FE A**. So fix FE A**, and let {,u,} be a 
bounded net in A’ that converges weak-star to 0. It suffices to show that 
{Fp,} converges weak-star to 0. 
Let ,u~, be the projection of ,u in gD, so that ,U = Cplo. Let rD E %$ be any 
weak-star adherent point of the net {plo). Then ,u,, -,ur E ‘Fj, and by 
hypothesis A’ n %F; is weak-star closed, so that the weak-star adherent point 
Pi of {,u,P - ,uJ belongs also to @h, hence vq = 0. Thus {plo} converges 
weak-star to 0, for all /I. Since A, is tight, {Fp,,} converges weak-star to 0, 
by Theorem 10.2. Let v be any weak-star adherent point of {Fpl}. Then rl is 
also a weak-star adherent point of (F(,u, -,DJ}, which is contained in 
A’nGYh. Hence q E A'n @‘;1. Since this is true for all p, q= 0, and {Fp,} 
converges weak-star to 0. i 
Now suppose that A is tight on X. Let {A?=} be the collection of nontrivial 
minimal reducing bands for A, and define 
A, = H”O(59J n C(X). 
Then each A, is a uniform algebra on X, and 
A;=A1n.9’a, 
A-nA,. 
Moreover, each A, is tight on X, and A, has only the one nontrivial minimal 
reducing band A!?=. Thus questions about A are reduced in principle to 
questions about algebras with only one nontrivial minimal reducing band. 
12. RETURN TO THE ALGEBRA A(D) 
We wish to see what can be said about the algebra A(D) in the case that it 
is tight. It is convenient o begin in the general setting of a uniform algebra A 
on X. 
Let Q be a subset of X, and let B(Q) denote the algebra of functions f on 
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Q for which there is a bounded sequence If,},“= i in A converging pointwise 
on Q to J Let 9c denote the reducing band generated by representing 
measures for points of Q. Recall (Section 8) that for FE A ** and q E Q, 
F(q) is defined to be the value of F at the weak-star continuous extension 4 
of q. 
12.1. THEOREM. Suppose that A is tight on X, and that Q is a norm- 
separable Bore1 subset of X such that A’nM(Q) is weak-star dense in A’. 
Then the map F -+ F is a norm-decreasing algebra isomorphism from 
Hm(A3’Q) onto B(Q). Thus A** is isomorphic (though not necessarily 
isometric) to B(Q) @ L”O(9’b). Furthermore, for each FE H”(.9,), there is 
a sequence {f;.}g 1 in A converging weak-star to F, such that llfi 1) < llF[l. 
Proof: Since Q is norm separable, Q meets at most countably many 
Gleason parts @,, 4j2 ,..., of A. Let 9j be the minimal reducing band 
corresponding to Qj. Then 9c = Z @ ~9~. Since sj includes all measures 
carried by Qj (Lemma 20.5), and since, by Theorem 10.3, A1n 9o is weak- 
star closed, we see from the hypothesis that A’ g 9c. Thus 
A** E Hm(90) @ L”D(.580). 
Suppose that FE H”(9o) satisfies f= 0. Let {f,) be a bounded net in A 
that converges weak-star to F. Let g E C(X). Since A is tight, we may 
assume that & + A converges weakly to some element h + A of C(X)/A. 
Let n E A’n M(Q). Then J” gfn dn -+ s h dn. On the other hand, by 
Theorem 8.5, F coincides with F a.e. with respect to any measure on Q. 
Consequently f, converges weak-star to 0 in Lm( g dn), and j h dn = 0. 
Since A’f7 M(Q) is weak-star dense in A’, we obtain h EA. Thus [ S;r, 
dv + 0 for all v E A’. On the other hand, ( da dv + i gF dv for all v 6 A’. 
We conclude that IgF dv = 0 for all v E A’ and all g E C(X), so that F = 0. 
It follows that the map F -+ F is an algebra isomorphism. 
Let G E B(Q), and choose a sequence {fj} in A that converges pointwise 
to G on Q. Then any weak-star adherent point FE H”(9o) of the sequence 
{fj} satisfies F = G, and the range of the map F -+ f includes B(Q). 
Now fix an arbitrary element FE H”O(9o). Since ball A is weak-star 
dense in ball A* *, there is a net (h,} in A converging weak-star to F, such 
that 11 h,ll < II FII . In particular, {h,} converges pointwise to F on Q. Thus 
there is a subsequence {fj}j”=, of the h,‘s that converges pointwise to F’ on 
some countable dense subset of Q. When Q is endowed with the norm 
topology, the h,‘s become equicontinuous on Q, since they are norm 
bounded. Consequently F’ is uniformly continuous on Q, and {fj) converges 
pointwise to F” on Q. Thus the range of the map F + fi coincides with B(Q). 
Furthermore, iffis any weak-star adherent point in H” (.9o) of the sequence 
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{A}, then p= p, so that f = F. It follows that the sequence {fj} converges 
weak-star to F. Since llfjll < l/Fll, the theorem is proved. 1 
Now we return briefly to the algebra A(D), where D is a bounded domain 
in 6”. To apply the preceding theorem, with X= fi and Q = D, we make the 
following observation. 
12.2. LEMMA. The measures on D orthogonal to A(D) are weak-star 
dense in A(D)l. 
Proof A function f E C(o) is analytic on D as soon as Is f d{ = 0 for 
all circles S contained in an analytic disc lying in D. Thus the finite linear 
combinations of the measures dc on S, for all such S, are weak-star dense in 
A(D)‘. 1 
In connection with Lemma 12.2, we do not know whether the measures on 
30 orthogonal to A(D) that belong to the band corresponding to the Gleason 
part of D are weak-star dense in A(D)‘n M(3D). A related question is the 
following. Iff E C(aD), and if the harmonic extensionJoffto D is analytic, 
does fattain the boundary values f continuously? For n = 1, the answers to 
these questions are affirmative. 
Now we may apply Theorem 12.1 to A(D), to obtain immediately the 
following. 
12.3. THEOREM. Let D be a bounded domain in C” such that A(D) is 
tight on 0. Then A(D) has precisely one nontrivial minimal reducing band 
ZSD, the band corresponding to the Gleason part of D, and 
A(D)** g H”O(&,) @ Lm(Y). 
Moreover, the map F + F, F(z) = J” F dp,, maps H”O(9,) isomorphically onto 
the algebra B(D) consisting of those functions in Ha(D) which are pointwise 
limits on D of bounded sequences in A(D). 
In the case n = 1, A(D) is a tight subalgebra of C(D), by Theorem 6.3. In 
this case, B(D) is a closed subalgebra of Ha(D), and in fact every f E B(D) 
can be approximated normally on D by a sequence (f,) in A(D) satisfying 
Ir;,II < II f 11. In the case n > 1, we do not know whether B(D) is a closed 
subalgebra of Ha(D). 
Now let us consider a bounded circled domain D in C” such that D 
coincides with the interior of 0, D is disjoint from the coordinate axes, and 
D is rationally convex. That D is circled means that whenever 
z = (z, )...) ZJ E D and 1, ,...‘- 1 are complex numbers of unit modulus, then n 
(2 izr,..., Anz,) E D. That D is rationally convex means that the map 
z-+ (1% lZll,...r 1% IZA) maps fi onto a convex subset of R”. Even though 
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LD need not be smooth, it is always possible to find normal vectors on 8D to 
locally push D across 30, as in Section 2. In particular, if D has the 
property described by (2.1), that the a-problem can be solved with sup-norm 
estimates and mild gain in regularity, then A(D) is tight on 0. In this case, 
the results developed in Sections 2 and 5 are valid for D. Moreover, by 
Theorem 12.3, A(D) has precisely one Gleason part, the part including D. 
Now it is proved in [ 111, under our hypotheses, that every point of aD is 
either a peak point for A(D) or lies on an analytic disc in a Gleason part 
distinct from D. We conclude that if D has property (2.1), then there is no 
analytic structure in 30, in fact every point of aD is a peak point for A(D). 
Putting it another way: if D is circled as above, and if there is an analytic 
disc in 80, then the a-probem cannot be solved on D with sup-norm 
estimates and mild gain in regularity. (In contrast, note that Henkin 1161 has 
proved that the a-problem is solvable with sup-norm estimates for a class of 
analytic polyhedra including the circled domains {(z, , z2): 1 < lzjl < 2, 
j = 1,2} in C’, even though most of the boundary of the domain consists of 
analytic discs.) 
We state formally the result that can be extracted from [ 111 in 
combination with Theorem 12.3. 
12.4. THEOREM. Let D be a bounded circled domain in C” such that D 
is the interior of 0, D meets every coordinate axis that ii does, and ii is 
rationally convex. If A(D) is tight on 0, then every point of aD disjoint from 
the coordinate axes is a peak point for A(D). 
13. A POWER SERIES EXPANSION 
Suppose g E A satisfies g # 0 on X. We would like to be able to prove that 
if & is weakly compact, then for some 6 > 0 the set of a, E MA such that 
/ g(cp)l ( 6 has a one-dimensional analytic structure on which the functions in 
A are analytic. In this section, we develop some positive evidence in this 
direction. 
13.1. LEMMA. Suppose g E A satisJies g # 0 on X. Then the following 
are equivalent. 
6) h,, is weakly compact, 
(ii) A** E gA** + C(X), 
(iii) A ** =A + gA**, 
(iv) A/(gA) is reflexive. 
If these condition hold, then S,,(,-,, is weakly compact for all ;1 in the 
connected component of c\ g(X) containing 0. 
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ProoJ By Lemma 4.2, property (i) is equivalent to (l/g) A * * c 
A** + C(X), which is equivalent to (ii). The operator S,,,: f -+ f/g + A is 
weakly compact, from A to C/A, if and only if the operatory+ f + gA from 
A to C/(gA) is weakly compact. This occurs if and only if the unit ball of 
A/( gA) is weakly compact, i.e., if and only if A/(gA) is reflexive. Thus (i) 
and (iv) are equivalent. Since (A/(gA)** =A**/(gA)** =A**/gA**, 
A/(gA) is reflexive if and only if the natural embedding 
AI(gA)+A**I(gA**) is onto, and this occurs if and only if (iii) is valid. 
Thus (i) through (iv) are equivalent. 
For the final assertion, note that the set B of h E C(X) such that 
hA * * g A* * + C(X) is a uniform algebra on X. Thus if l/g E B, then 
l/( g - A) E B for all 1 in the connected component of C\ g(X) containing 
0. I 
13.2. THEOREM. Suppose g E A satisJies g # 0 on X, while Slln is weakly 
compact. Then there exists 6 > 0 such that each F E A * * may be expressed 
as a uniformly convergent series 
on the set {rp E MA : 1 g(q)1 <S}, where fO, f, ,... EA. Furthermore, each 
rp E M,., satisfying 1 g(q)/ < 6 has a unique extension to A** (namely, $). 
ProoJ By (iii) of Lemma 13.1, A* * = A + gA * *. By the open mapping 
principle, there exists c > 0 such that each F E A * * can be expressed in the 
form F=f + gG, wheref EA and GEA * * have norms bounded by c I/ F/l. 
Proceeding by induction, starting with F = f. + gFO, we obtain a sequence 
{fj} in A** such that Fj-1 =f; + gFj, Il.&;.11 < t++’ IlFll, llFil[ <tit’ IJFIl. 
Then for m > 1 we have 
F=fo+f,g+...f,gm+F,gm+‘. 
Choose 0 < 6 < l/c and suppose rp E M,,, satisfies I g(q)/< 6. Let w E Mq.. 
be any extension to o to A**. Then 
F(v) -F(G) = g(vY+‘lF,(v) -F,@P?)l, 
so that 
IF(v) - F(F)1 < 2am+’ llF;mll ,< 26”‘+‘cm+‘. 
Letting m -+ co, we obtain F(W) = F(F), and v/ = 6, Furthermore, for such a 
rp we have 
I~cPMrpYI G @g+‘Y 
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so that the series CjmOfj g’ converges uniformly on the set (1 g(cp)J < 6). 
Since IF, gm I+ 0 uniformly on this set, we obtain the series representation 
valid uniformly on the set { 1 g(p)1 < S}. 1 
Combining Theorem 13.2 and Corollary 9.5, we obtain immediately the 
following. 
13.3. THEOREM. Suppose that A is tight on X, and that each point of X 
is a (generalized) peak point for A. Assume that for each rp E MAP there 
exists g E A satisfying g(q) = 0 and 1 gl > 0 on X. Then A * * + C(M,) is a 
closed subalgebra of C(M,..), and in particular A is tight on MA. 
13.4. THEOREM. Suppose that A is tight on X, and that A is generated 
by unimodular functions. Then: 
(i) A ** + C(M,) is a closed subalgebra of C(M,.*). 
(ii) If g E A is unimodular (on X), then ( g/ < 1 on only finitely many 
Gleason parts of A. 
(iii) Zff E A, then f is constant on each Gleason part of A, with the 
exception of at most countably many Gleason parts of A. 
(iv) Each nontrivial minimal reducing band for A arises from a 
Gleason part of A. 
Proof If A is generated by unimodulars, then each x E X is a generalized 
peak point for A, that is, an intersection of peak sets. Furthermore, for each 
a, E M,w, there exists a unimodular element f of A such that If (q)i < 1. 
Indeed, if v is any representing measure on X for v, and f E A is unimodular 
on X and nonconstant on the closed support of p, then ) f @)I= ) J f dn ) < 1. 
Thus g = f -f(p) satisfies g(rp) = 0 and 1 gl > 0 on X. The hypotheses of 
Theorem 13.3 are therefore met, and (i) follows. 
Suppose that @ is a nontrivial Gleason part of A. Then @ s M,\X, and 
Theorem 10.4 shows that the topological boundary of # is contained in X. If 
g E A is unimodular on X, then by the local maximum modulus principle the 
boundary of g(@) is included in g(X), so that either g(Q) coincides with the 
entire open disc (I z 1 < I }, or g is constant on @. 
Now suppose there is an infinite sequence @i, Q2,... of distinct Gleason 
parts of A such that g(Qj) = (1~1 < 1 }. Choose pj E Gj so that g(qj) = 0. By 
Theorem 10.4, the sequence (qj},E, clusters towards X. However, any cluster 
point q of the sequence satisfies g(p) = 0. This contradiction establishes (ii). 
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Any polynomial in the unimodular elements of A is constant on all but 
finitely many of the Gleason parts. Passing to uniform limits of sequences of 
polynomials, we obtain (iii). 
Let 9 be a nontrivial minimal reducing band that does not correspond to 
a Gleason part, and set B = H”O(,8) n C(X), as in Section 11. By 
Theorem 11.2, the maximal ideal space of B is X. Thus each unimodular 
element of A is invertible in B. Since these separate points of X, the 
Stone-Weierstrass Theorem shows that B = C(X). This contradicts the fact 
that B is proper, and (iv) is established. I 
The preceding results apply to algebras of function asociated with ordered 
groups. These will be treated in Section 18. 
In connection with the power series expansion of Theorem 13.2, we 
mention that the fj’s can be chosen so that the series 2 fjgj converges 
uniformly on the set { 1 g(o)1 < S} for each 6 < inf{ 1 g(x)l: x E X). We indicate 
the proof in the special case that 1 gl = 1 on X. The proof depends on the fact 
that the map A/gqA + A**/g4A** is an isometric isomorphism, for each 
integer q > 1. Fix FE A to satisfy llFl[ < 1, and let q, > 1. Choose f, E A 
and F, E A * * such that F = f, + gqlFO, where Ilf,ll < 1. Then /IF,, II < 2. 
Applying the same argument o F,, and proceeding by induction, we obtain 
a decomposition 
F = fO + f, gq’ + a.- + f,,,gqm+F,gqm+‘, 
where Ilf,ll < 2” and llFmll < 2”+‘. Here the increasing sequence {qj} of 
integers is chosen so that C 2”‘aqm converges for each 6 < 1. Then 
fO+cg,&? % converges to F on the set { /gl < 1 }, and for each 6 < 1 the 
convergence is uniform on the set (1 gl< 6). 
14. DISTANCE ESTIMATES 
We are interested in conditions which guarantee that the sum of two 
closed subspaces of a Banach space is again closed. Here d will denote 
“distance” in the appropriate Banach space, so that 
d( g, H) = inf{ II g - h II : h E H}. 
14.1. THEOREM. Let H and C be closed subspaces of a Banach space. 
Then H -!- C is closed $and only if there exists c, 1 < c < 00, such that 
d(g, Hn C> < cd(g, W, all g E C. (14.1) 
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Proof. Let B be the ambient Banach space, and consider the map g + 
Hn C -+ g + H from C/(H n C) to B/H. The map is one-to-one and 
continuous, with range (H + C)/H in B/H. The distance estimate (14.1) is 
valid if and only if the map has a continuous inverse on (H + C)/H. This 
occurs if and only if (H + C)/H is closed in B/H. In turn, this occurs if and 
only if H + C is closed in B. 1 
In [24], Rudin gives a sufficient condition for H + C to be closed in B; 
that there exists M > 1 such that for each g E C and E > 0, there is a linear 
operator T on B satisfying ]] T/I GM, T(B) s C, T(H) G H, and 
]] Tg - g]/ < E. In this case, for each g E C and h E H we have 
Taking the infimum over h E H, and sending E to 0, we obtain 
d(g,HnC)<Md(g,W, gE c, 
so that the bound M in Rudin’s condition gives the same bound in the 
distance estimate. 
Another condition guaranteeing that H + C be closed is obtained from 
duality, when H and C are subspaces of a dual space. 
14.2. THEOREM. Let B be a Banach space. Let C and 2’ be subspaces of 
B* such that % c C, and let H be the weak-star closure of S in B *. Then 
the following are equivalent: 
(i) There exists c, 1 < c < 00, such that 
4s 3’) < cd(g, HI, all g E C. 
(ii) There exists c, 1 <c < CO, such that ball(J’n C*) is weak-star 
adherent to the image of c ball(B’n B) under the natural mapping 
$‘nB-tC*. 
(iii) H t C is a closed subspace of B*, and H (7 C = 3. 
When (i) through (iii) are valid, the best (smallest) constants c appearing in 
(i) and (ii) coincide. 
Proof: If (i) is valid, then by applying (i) to g E H n C we find that 
H n C = P. Thus the equivalence of (i) and (iii) follows from Theorem 14.1. 
It suffices to show that for a fixed constant c, the distance estimate of (i) is 
equivalent to the density statement of (ii). 
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For all g E C we have 
d(g,H)=sup{lty(g)l: YE ball(H’nB**)}. 
Since (Z1nB)*gB*/H and (X1nB)**sHHInB**, the map from 
2’ n B (regarded as a subspace of B) into H’ n B is the canonical 
embedding of a Banach space into its double dual. It follows that the map is 
an isometry, and moreover that ball(Z’n B) is B*-dense in 
ball(H’ n B* *). Thus we may rewrite the expression for d(g, H) as 
d(g,H)=sup{/v(g)\: v/E ball(plnB)}. 
On the other hand, 
(14.2) 
d(g, -?) = sup{lq(g)l: q E ball(P’n C*)). (14.3) 
If ball(X1 n C*) is weak-star adherent o the image of c ball(Z1 n B), then 
comparing (14.2) and (14.3) we obtain d(g, 8) < cd(g, H). On the other 
hand, if ball (P’ n C*) is not weak-star adherent o c ball(P’ n B), then by 
the separation theorem for convex sets there exist g E C and 
v, E ball&Z1 n C*) such that 
Hence cd(g, H) < I co(g)1 < 4 g, -Q, so that the distance estimate of (i) also 
fails. I 
15. THE SPACE P’(9) + C 
In this section, we wish to establish for H”O(o) + C several analogues of 
results obtained already for A * * + C. In order to fit both classes of results in 
the same context, we fix a band .5? of measures on X, and consider the 
linear subspace H”(3) + C(X) of L”(g). When ~8 = M(X), we are 
considering A * * + C, while when 9 = L ’ (0) do, we are considering 
Ha(u) + C. We ask when ZP(9) + C(X) is a closed subspace of C(X). To 
provide answers to these questions, we must “localize” the algebra A. The 
localized version of A is the algebra 
A, = Hm (9) n c(x), 
regarded as a uniform algebra on X. Note that A, 1 A, and that the algebra 
ZP(9) associated with A, coincides with that associated with A. The 
algebra A, was already introduced in Section 11. According to Lemma 11.1, 
A: coincides with the weak-star closure of A’n .9. 
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Specializing Theorem 14.2 to B = 9, C = C(X), and P =A,, with 
H = Hm(,%‘), we obtain the following. 
15.1. THEOREM. Let 9 be a band of measures on X, and let 
A, = Hm(9) n C(X). Then the following are equivalent. 
(i) There exists c, 1 < c < 00, such that 
W, A ,> < cd@, H”(2)>, all h E C(X). 
(ii) There exists c, 1 < c < co, such that ball(A:) is weak-star 
adherent to c ball(A’ n S). 
(iii) H”O(9) + C(X) is a closed subspace of Leo(3). 
Furthermore, the best (smallest) constants c in (i) and (ii) are the same. 
Note that if A’n 9 is already weak-star closed, then A:= A’n9, so 
that the conditions of Theorem 15.1 are all valid, with c = 1. This occurs in 
particular when A is tight and ~8 is a reducing band, by Theorem 10.3, so 
that we obtain the following. 
15.2. COROLLARY. Suppose that A is tight on X. If 9 is any reducing 
band, then Hm(9) + C(X) is a closed subalgebra of L”O(9). Furthermore, 
d(h, A ,) = d(h, HYW, al2 h E C(X), 
where A, = Hm(3) n C(X). 
Next we wish to extend Theorem 10.2 to this context. For this, fix 
F E H”O(JS’), and consider the multiplication operator 
h4,:A+-lS+ALf-19 
defined by 
MFcl= FP, ,uEAA12?. 
The dual of MF is the operator 
M;: L00(9),‘H03(9) -+ L==‘(9)/Hm(2’) 
given by 
M;(G + H”O(9)) = FG + H”O (9) GEL”(2). 
15.3. THEOREM. Let 37 be a band, and let A,= H”O(9) n C(X). For 
fixed G E H”(S), the following are equivalent. 
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(i) FC(X) s Ha(s) + C(X), 
(ii) MF*(C(X)/Ha(9)) c C(X)/H”O(.AT), 
(iii) MF extends to a weak-star continuous operatorfrom A; to A:, 
(iv) M, is the restriction to A’ n 9 of the adjoint of an operator 
TF : C(X)/A , -, C(X)/A, . 
When (i) through (iv) hold, then TF( g + A,) is that uniquely determined 
element h + A, of C(X)/A, such that Fg - h E Ha(9). 
Proof The formula above Mj! shows that (i) and (ii) are equivalent, 
while (iii) and (iv) are also evidently equivalent. 
Suppose that (iii) is valid. Let g E C(X). By (iii), the functional 
iu -+ J” Gf dp, p E A’n 9, is the restriction of a weak-star continuous 
functional on A:. Hence there exists h E C(X) such that 1 Fg dp = s h dp for 
all p E Al1’7 ,Y. Consequently G = Fg - h E Lm(9) satisfies s G dp = 0 for 
all ,U E A’ n 9, so that G E H”O(9). Thus Fg E H”O(9) + C(X), and (i) is 
valid. 
Finally, suppose that (i) is valid. For g E C(X), express gF = G + h, where 
G E Hm(3) and h E C(X), and define the operator Tf on C(X)/A, by 
T,(g+A,)=h+A,. 
If gF = G, + h, is another decomposition of gF, then h - h, = G, - G E 
H”(?S’)nC(X)=A,, so that the coset h + A, is well-defined, and it 
evidently does not depend on the representative g of the coset g + A,. Hence 
T, is well-defined, as in the final statement of Theorem 15.3. It is easy to 
check that T, is closed, so that TF is continuous. If ,U E A’n 9, and 
gF = G + h is as above, then (T,*,u, g) = (,a, T,. g) = (,u, h) = &, gF - G) = 
j” (g-F - G) dp = i gF Q = (M,,D, g). Hence MF is the restriction of Tz to 
A1 n 9. This completes the proof. 1 
We are not able to give necessary and sufficient conditions on g E C(X) 
such that gHm(S) E Ha(S) + C(X), which generalize Lemma 4.2. 
Nevertheless, it is possible to give a necessary condition and also a sufficient 
condition that coincide in many cases of interest. 
15.4. THEOREM. Let 9 be a band, and let gE C(X). If 
gHm(S) z Hi + C(X), then 
S,(ballA)= (gf+A:fEA,IlfI(<l} 
is precompact in the A’ n S-topology of C(X)/A. Conversely, ifs&ball A) is 
precompact in the A’ n .%-topology of C(X)/A, and iffurthermore the weak- 
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star closure of ball A in Lm(.9) includes E ball Hm(.B) for some E > 0, then 
gHm (3) E Hm(9) + C(X). 
ProoJ DetineR:A’n.W~.O/(A’n~~) by 
R(v)= gv+Aln.iip, VEAln.9. 
Then 
R*: Hm(.9)+ L”(.B)/H”(,Y) 
is given by 
R *(F) = gF + H”O(.%), FE H”O(.9). 
Thus gH”O(.@) c Hm(.9) + C(X) is equivalent to 
R *(H”(9)) G C(X)/H’=‘(3). (15.1) 
If (15.1) is valid, then R*(ball H*)(3)) is a weak-star compact subset of 
C(X)/H”(ZS), that is, it is compact in the A1 n Z&topology. Thus 
R*(ball A) is an (A1n 9)-precompact subset of C(X)/H”O(S’). Hence 
g ball A is an (A’n 9)-precompact subset of C(X), and S&ball A) is an 
(A’ n A?)-precompact subset of C(X)/A. 
Conversely, if S&ball A) is an (A’n .A?)-precompact subset of C(X)/A, 
then R *(ball A) is an (A’- n .A?‘)-precompact subset of C(X)/H”O(S). If 
furthermore the weak-star closure of ball A includes E ball H”O(.9), then 
R *(E ball H”O(9)) is included in C(X)/H”O(B), and (15.1) obtains. 1 
16. THE SPACE H”O(a) + C 
Let u be a positive measure on X. Following [ 12, p. 1371, we say that a 
measure 5 on X has property (#) if supp r c supp CJ, and for all 
FEHa’(a+~r~)andxEsuppr, 
r-ess l&sup 1 F( y)l < a-ess ‘;‘T, sup 1 F( y)l. (16.1) 
The latter condition, for all x E supp r and all F E Hw(a + I rl), is easily seen 
to be equivalent to the condition that the restriction map Hm(a + IT/) + 
C(X) -+ Hw(u) + C(X) be an isometry. We summarize certain of the results 
from [12]. 
16.1. THEOREM. Suppose that every measure t E A’ has property (#). 
Let 3’L be the band generated by A’. 
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(i) The projection H”(9L) + C(X) -+ H”(a) + C(X) is an isometric 
isomorphism. 
(ii) The projection Hm (2*) + H”(o) is an isometric isomorphism. 
(iii) The projection H”O(9J 4 H”(a) is a homeomorphism, when the 
spaces are endowed with their respective weak-star topologies. 
(iv) d(h, A) = d(h, H”(u))for all h E C(X). 
(v) H’O(u) n C(X) = A. 
(vi) ball(A’n L’(u)) is weak-star dense in ball A’-. 
(vii) H”O(u) + C(X) is a closed subspace of C(X). 
Proof: Since these statements follow easily from our work so far, we 
indicate the proof. As noted earlier, property (#) implies that the restriction 
Hm(u f 151) + C(X) -+ Ha(u) + C(X) is an isometry for each r E A’, and 
hence (i) is valid. Property (ii) follows from (i), and (iii) follows easily from 
(ii). Letting ,Y denote the band of measures ingular A’, we see from the 
decomposition A* * g H”O(BJ @ La(Y), and the distance estimate 
d(h, A) = d(h, A * *) of Theorem 3.1, that 
d(h, A > = d(h, H”O G+‘d>, all h E C(X). 
This, combined with (i), yields (iv), and (v) is an immediate consequence of 
(iv). The algebra A, of Theorem 15.1, with 9 = L’(u) da, coincides with A. 
Consequently (vi) and (vii) follow from Theorem 15.1. 1 
It is an open question whether property (ii) above, that the projection 
Hm(.9J + H”O(u) is an isometry, is equivalent to property (i), that 
H”O(9,) + C + H”O(u) + C is an isometry. Some information on this 
question is contained in the following lemma. 
16.2. LEMMA. Let 9 be a band of measures on X that includes u. 
Suppose that the projection HCO(9) -+ Hm(u) is an isometric isomorphism. If 
x E supp u is a peak point for A, then (16.1) is valid for rE9. In 
particular, if supp u =X, and each point of X is a peak point for A, then 
each z E 9 has property (#), so that the projection H*(9) + C(X) -+ 
H”‘(u) + C(X) is an isometric isomorphism. 
ProoJ Let F E H”‘(u + 1 r I), and set 
c = u-ess Iii, sup (F( y)l. 
Let E > 0, and suppose g E A peaks at x. If m is a large integer, then 1 g”FI < 
c + E u-almost everywhere. The hypothesis implies that the restriction 
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fP(a t 151) + HyJ) is an isometry. Hence also 1 g”FI < c t E r-almost 
everywhere. It follows that 
r-ess lim sup IF(y)1 < c t E, 
Y-X 
and since e > 0 is arbitrary, we obtain (16.1). I 
16.3. THEOREM. Let ,gl be the band of measures on X generated by A’. 
Suppose that every 5 E 3’1 has property (#). Suppose also that A is tight on 
X. Then Ha(a) t C(X) is a closed subalgebra of L*(a). 
Proof: Since A** z H”(37J @ L”O(Y), we see that Ha(2.Yl) t C(X) is 
a closed subalgebra of Lm(2J. By Theorem 16.1, Hm(.2Yl) + C(X) projects 
isometrically onto L”O(o) + C(X). Hence Ha(o) t C(X) is a closed 
subalgebra of L”O(u). 1 
Now we turn to some examples. Let D be a bounded domain in C” with 
C’ boundary for which the a-problem is solvable as in (2.1). Lemma 5.1 
asserts that if u is the volume measure A, on such a domain D, and if r is 
any measure in A(D)‘, then (16.1) is valid at all [E 8D. Estimate (16.1) is 
easily seen to be valid also at all [E D, so that t E A(D)’ has property (#). 
We conclude from Theorem 16.3 that H”O(1,) + C(D) is a closed subalgebra 
of L”O(I,). Since Hm(AD) = H”O(D), we obtain in this manner Theorem 5.2, 
asserting that H”O(D) t C(D) is a closed algebra of bounded continuous 
functions on D. 
With D as above, we may also take u to be the area measure on 3D. 
Theorem 5.3 asserts that the projection H”O(.%‘J + H(D) -+ H”O(u) + C(aD) 
is an isometric isomorphism, and we may conclude from this that every 
measure r on aD orthogonal to A(D) has property (#) with respect to u. 
17. T-INVARIANT ALGEBRAS 
The results of the preceding section apply to the algebras one encounters 
in rational approximation theory, such as R(K) and A(D), where K is a 
compact subset of Cc and D is an arbitrary open subset of C. In these cases, 
the measure u of Theorem 16.1 may be taken to be the area measure on the 
set of nonpeak points of the algebra. 
The crucial feature of the algebras R(K) and A(D) is that they are 
invariant under certain operators T, which are used extensively in rational 
approximation theory. In this section we will consider the class of algebras 
invariant under the T, operators, the so-called T-invariant algebras, and 
develop their properties, omitting details of proofs when they are adaptations 
of standard lines of proof for the algebra R(K). 
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For g a smooth function supported on a compact subset of C, the operator 
T, is defined by 
(T,f)(w) = g(w)f(w) + + j & $ dx dJ4 
where f is any bounded Bore1 function. For the basic properties of T,, see [ 7, 
pp. 29, 301. Some properties of T,, which are easily verified, are as follows. 
(17.2) 
TJ is continuous wherever f is continuous. (17.3) 
TJ is analytic wherever f is analytic. (17.4) 
T,f is analytic off the closed support of g. (17.5) 
f - T,f is analytic on the interior of the level set g- ‘( 1). (17.6) 
Let K be a compact subset of the complex plane. A closed subalgebra A of 
C(K) is T-invariant if A 2 R(K), and if T,A G A for all smooth functions g 
with compact support. Many of the properties of the algebra R(K) are shared 
by all T-invariant algebras. A detailed treatment of these algebras is in [8]. 
The most immediate example of a T-invariant algebra is the algebra A(D), 
where D is a bounded open subset of the complex plane. Fact (17.4), that 
T,f is analytic wherever f is, shows that A(D) is invariant under T,. 
The algebra R(K) is itself T-invariant, though to prove this it is convenient 
to have a dual characterization of T-invariant algebras. Recall that the 
Cauchy transform of a compactly supported measure v is the locally 
integrable function v” defined a.e. (dx dy) by 
In the sense of distributions, we have 
a; 
z = -m. 
In fact, v^ is specified uniquely as the solution of the &equation ah/Z= --7cv 
that vanishes at co. 
Now regard T, as an operator on C(K) by extending the functions in C(K) 
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to be zero off K. Its adjoint T,*: M(K) + M(K) is such that T,*(v) is the 
restriction to K of the measure 
p=g”-Li” 
/I a5 
v dx dy, 
that is, 
One also computes that 
p = g4. 
Now we are in a position to prove the following. 
17.1. LEMMA. A closed subalgebra A of C(K) is T-invariant if and only 
if the following two conditions are met. 
(i) Zfv E A’, then v”= 0 a.e. (dx dy) offK. 
(ii) IfvEAl, and g is a smooth function with compact support, then 
the measure p satisfying p = gv^ also belongs to A’. 
Proof. A measure v on K is orthogonal to R(K) if and only if v^ = 0 off K 
17, Theorem 113.11, Thus condition (i) is equivalent to A 2 R(K). In this 
case, the measure ,D defined by (17.7) is already supported on K, and 
,U = Tiv. Thus when A 2 R(K), (ii) is equivalent to T,*(A’) s A’, and this in 
turn is equivalent to T,(A) L A. 1 
Since R(K)’ consists of precisely the measures v on K such that v^ = 0 off 
K, Lemma 17.1 makes it clear that the algebra R(K) is itself a T-invariant 
algebra. 
One way to generalize the algebra R(K) is as follows. For any bounded 
Bore1 subset E of 6, define R(E) to be the space of continuous functions f on 
,!? such that j f dv = 0 for all measure v on ,!? satisfying v^ = 0 a.e. (dx dy) on 
C\E. It turns out that R(E) is a uniform algebra on J!?, and Lemma 17.1 
shows that R(E) is a T-invariant algebra. 
As another example, let A be the algebra of continuous functions f on K 
such that f is finely holomorphic on the fine interior of K. Lyons [21] has 
shown that A is a T-invariant algebra on K, and he has used the theory of T- 
invariant algebras (particularly Melnikov’s estimates) to obtain results on 
finely holomorphic functions. 
Now we turn to some properties of T-invariant algebras. We begin by 
proving two elementary lemmas. 
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17.2. LEMMA. Suppose A is a T-invariant subalgebra of C(K). If f E A 
extends to be analytic in a neighborhood of z0 E K, then [f-f (z,,)]/ 
(z-z,)EA. 
Proof. Let F be a continuous extension off to G so that F has compact 
support, and F is analytic of a disc A, centered at z,,. Let g be a smooth 
function with compact support, such that g(z) = l/(z - zO) on the part of the 
support of F outside A,. Then 
It follows that [F - F(z,)]/(z - zo) coincides with T,F, and hence belongs to 
A. I 
17.3. LEMMA. Let A be a T-invariant subalgebra of C(K). Then the 
Shilov boundary 8, of A includes 8K, and the functions in A are analytic on 
m, * 
Proof. Since A 2 R(K), the Shilov boundary of A includes 8K. Thus 
K\a, is an open subset of the complex plane. Let f E A, and let A, be a 
closed disc contained in K\a,. If g is a smooth function supported on A,, 
then T,f E A is analytic off A,, so that T,f assumes its maximum modulus 
over C\p, on ad,. Since also Tpf assumes its maximum modulus over 
KxaA, on a,,,cC\p,, we see that T,f must be constant on C\p,, say, 
Tgf = c on C\A,. Then TRf - c vanishes on a,, so that T,f - c = 0 on K. 
This yields the identity 
03T,f- af 
aF -Q 
In view of the lattitude of choice for A, and g, we conclude that af/Z = 0 on 
K\a,, and f is analytic on K\a, . 
Using standard estimates for the T,-operators as in [7, Section II. 11, one 
proves that for fixed z. E K, the functions in a T-invariant algebra A that are 
analytic at z. are dense in A. This result allows us to extend Arens’ theorems 
[ 7, Theorem II. 1.91 to T-invariant algebras. 
17.4. THEOREM. If A is a T-invariant subalgebra of C(K), then the 
maximal ideal space of A coincides with K. 
Many other results, valid for R(K) and A(K), extend to arbitrary T- 
invariant algebras. For instance, a T-invariant algebra A on K has at most 
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countably many nontrivial Gleason parts Q,, Q,,..., each of which has full 
area density at each of its points. If 9j is the minimal reducing band 
corresponding to Qj, and 91 is the band generated by A ‘, then 
(Wilkin’s Theorem; see [7, Section VI.31). Let Q = (J Qj. If v E A ‘, then the 
Cauchy transform v^ of v satisfies v^= 0 a.e. on C\Q. The projection of v into 
the band 9’j is the measure vj on K satisfying cj = v^ on Qj and fj = 0 on 
C\Qj. Corresponding to the vanishing of v^ on C\Q, there is the following 
dual statement which will be used later. 
17.5. LEMMA. If h is a bounded Bore/ function with compact support, 
then the integral 
defines a function H in A. 
Proof. If v E A’, then substituting the definitions and interchanging the 
orders of integrations, we obtain 
1. H(w) dv(w) = 1’ h(z) c(z) dx dy = 0. ti 
- c\Q 
Davie’s theorem [6, lo] extends to show that if A, is the area measure on 
Q = U Qj, then the projection H”O(.@J+ H“‘(,l,) is an isometric 
isomorphism. Davie’s theorem can be combined with a localization 
procedure, as in the proof of [ 12, Theorem 8.11, to establish the following 
theorem. 
17.6. THEOREM. Let A be a T-invariant subalgebra of C(K), K a 
compact subset of C. If either 
K; or(i) XzK’ 
and o is the area measure on the set of nonpeak points of 
(ii) X = a,, and u is the sum of the harmonic measure on aA for K\a,4 
and the area measure on the set of nonpeak points in a, ; 
then each r E A’ has property (#). Zn either case, the properties of 
Theorem 16.1 all hold. 
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Now we wish to show that the T-invariant algebras fit into the framework 
developed in this paper. 
17.7. THEOREM. Any T-invariant subalgebra of C(K) is tight on K. 
Proof Let g be a smooth function with compact support, and define the 
operator R, as in (6.1). By definition, TJ = gf - RJ Thus the T- 
invariance of A is a restatement of the fact that R, is a remainder operator, 
that is, RJ - gf E A whenever f E A. Since the operators R, are compact, 
the operators S,: A + C/A are also compact, and in particular A is tight on 
K. I 
Now we are in a position to appeal to Theorem 16.3, obtaining the result 
mentioned at the end of Section 6. 
17.8. THEOREM. Let A be a T-invariant subalgebra of C(K). If Q is the 
set of nonpeak points of A, and A, is the area measure on Q, then 
H”O(&) + C(K) is a closed subalgebra of Lm(&). Moreover, I$ ,u is the 
harmonic measure on aA for points of K\o, (determined up to mutual 
absolute continuity), then Hm(p + lona,) + C(3,) is a closed subalgebra of 
LrnCu + &3). 
Now we wish to supply the proof of Theorem 9.7, in the context of T- 
invariant algebras. We follow the line of proof given in [12, pp. 135, 1361. 
First we must extend the operators T, to Ha(&), and for this we simply use 
the defining identity (17.1), with f = 0 off Q. 
17.9. LEMMA. If E H”O(II,), then T,f E Ha(&). 
Proof. Let {f,} be a bounded sequence in A that converges weak-star to f 
in H”O(&). Let F be a weak-star adherent point of the sequence (f, } in 
L”O@), where A is the area measure on K. Then T&f,) E A, and a glance at 
(17.1) reveals that T&f,) converges weak-star to the function 
By Lemma 17.5, the integral on the right defined a function in A. Hence 
T,f E HV,). 1 
17.10. LEMMA. If f E Ha)(&) extends to be analytic in a neighborhood 
of p, then [f-f(p)]/@ - p) belongs to H”O(&). 
Proof. Suppose F is an extension off that is analytic at p, and assume 
that F is a bounded Bore1 function supported on a large disc A,. Let A, be a 
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small disc centered at p on which F is analytic. Let g be a smooth function 
with compact support such that g(z) = l/(z - p) on A,\As. Since 
and since T,F vanishes at co, we obtain 
T,F = IF - F(~)ll(z - P). 
Back in H”O(&), we obtain 
T,f = If - f(p)ll(z - P) + T,f - TgF 
By Lemma 17.5, the latter integral belongs to A, so that the result follows 
from Lemma 17.9. I 
17.11. LEMMA. Let a, be a nonzero complex-valued homomorphism of 
H”O(&,) r ZP(A?J, and set p = (D(Z) E K. Zff E H”O(&), then 
If @>I < A, - ess vyp SUP If @>I. 
ProoJ Suppose f E HOD(&) satisfies /f 1 < 1 on a disc A, of radius 6. 
centered at p. The lemma will be proved if we show that 1 f (cp)j < 1. 
Let g be a smooth function, supported on the disc A,, such that g = 1 in a 
neighborhood of p, while 1 ag/Z( < 4/6. Standard estimating shows that 
IIT,fll <9. BY (17.6),f - T$ is analytic at p and has value c at p, where 
/cl < 10. Using Lemmas 17.9 and 17.10, we find h E Ha(&) such that 
f = T,f + c + (z - p)h. 
Evaluating this at o, we obtain f(q) = (T,f )(p) + c, so that ) f (q)l ,< 
1) Tgf 11 + ICI < 19. Applying this estimate to f m, taking mth roots, and letting 
m tend to co, we obtain If(c 1. 1 
17.12. THEOREM. Zf A is a T-invariant algebra on K, then A** + C(A4,) 
is a closed subalgebra of C(M,*.). 
ProoJ We apply Theorem 9.4 to A. Since MA = K, condition (i) of 
Theorem 9.4 is vacuous. Condition (ii) of Theorem 9.4 follows immediately 
from Lemma 17.11. fl 
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18. ALGEBRAS ASOCIATED WITH ORDERED GROUPS 
Let r be a discrete abelian group, and let r+ be a subset of r such that 
r+r+ ET,, (18.1) 
o-+, (18.2) 
r+ -r+ =r, (18.3) 
r+ n c-r,) = {o}. (18.4) 
Associated with r+ is an ordering of r, in which “a > b” means that 
a-bEr+. 
Let G be the dual group of r, so that G is a compact abelian group. Each 
a E r determined a character xa of G. Let A denote the closed linear span of 
the characters x0, for a E T+ . The properties (18.1) and (18.2) show that A 
is a closed subalgebra of C(G) containing the constants. Condition (18.3) 
guarantees that A separates the points of G, so that A is a uniform algebra 
on G. Thus A is a translation-invariant uniform algebra on G, and in fact 
any translation-invariant uniform algebra on a compact abelian group arises 
in this fashion from a unique subset r+ of its dual group satisfying (18.1), 
(18.2) and (18.3). 
Condition (18.4) is equivalent o the condition that A be antisymmetric. In 
this case, the closed linear span of the characters (x,: a E r+ , a # 0) forms 
a maximal ideal in A. This ideal is evidently orthogonal to the Haar measure 
c of G, so that u is multiplicative on A. Conversely, if u is multiplicative on 
A, then (18.4) is valid. 
18.1. LEMMA. Let G, A and u be as above. 
(i) ball(A’nL’( )) u is weak-star dense in ball(A’). 
(ii) d(h, A) = d(h, H”O (a)), for all h E C(G). 
(iii) Hm (o) + C(G) is a closed subspace of L OD (a). 
(iv) ball A is weak-star dense in ball H”O(u). 
Proof. Let h, E C(G) form an approximate identity, with h,> 0 and 
5 h, do = 1. If v E A’, then vE= (hEa) * v satisfies v,E A’, Ijv,II < )(vII, v,< u. 
and v, converges weak-star to v. Thus (i) is valid, while (ii) and (iii) follow 
from (i) and Theorem 14.2. If f E P’(u), then h, * f E A, IIh,*f(l < Ilfll, 
and h, *f converges weakstar tof. Hence (iv) is also valid. fl 
We are interested in determining when A is tight on G. Usually this fails, 
though there are at least two cases in which A is tight on G. 
For the first case, let r be the group of integers Z, and let r+ be a 
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subsemigroup of nonnegative integers, including all but at most finitely many 
positive integers. Then G is the circle group T, MA is the closed disc A U T, 
and A consists of those functions in the disc algebra whose derivatives of 
certain specified orders vanish at the origin. 
For the second case, let H be a finite abelian group, let r = H @ Z, and let 
T+ = {(b, m): b E H, m > 1 } U ((0, O)}. 
Then G is the disjoint union of a finite number of circle groups, M, is a 
union of a finite number of closed discs with their centers identified to a 
point, and A consists of the appropriate analytic functions on the discs. 
We believe that these cases are typical, and that A is tight only when A 
has finite codimension in a finite direct sum of disc algebras. From a result 
of Rudin [24] it follows that if the ordering of r is total (i.e., 
r+ U (-r+) =r, which is equivalent o A being a Dirichlet algebra), then A 
is tight only when A is the disc algebra. In fact, Rudin [24, Theorem 3.6 1 
shows that if r+ U (-r+) = r, and if H”(o) + C(G) is a subalgebra of 
Lm(a), then G is the circle group, and A is the disc algebra A(d). 
In our more general setting, we begin with the following initial obser- 
vation. 
18.2. THEOREM. Suppose that A is tight on G. Let ~0, E MA be the 
homomorphism represented by o. Then: 
(i) H”O(a) + C(G) is a closed subalgebra of L”(o). 
(ii) M,\G forms by itself a single Gleason part. 
(iii) Every measure in A’ is absolutely continuous with respect to a 
representing measure for (p,. 
Proof: Statement (i) follows from Theorem 4.3 and Theorem 18.1 (iii). 
To prove (iii), let 9 be the reducing band corresponding to the Gleason 
part of rp,. By Theorem 10.3, A’n 9 is weak-star closed. In view of Lem- 
ma 18.1 (i), we conclude that A’ 5 9, and this establishes (iii). 
In particular, there is only one nontrivial Gleason part for A, and therefore 
this part includes M,\G. Since each point of G is a generalized peak point 
(intersection of peak sets) of A, the points of G from trivial Gleason parts, 
and M,\G constitutes by itself a single Gleason part. 1 
18.3. THEOREM. Suppose that A is tight on G. Then: 
(i) Each a E r+ has only finitely many predecessors in r+ . 
(ii) If a, b E r and b > 0, then there exists a positive integer m such 
that mb > a. 
(iii) r is at most countable. 
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Proof. Suppose that b E I-+, and that there are infinitely many distinct 
predecessors b,, b, ,... of b in r+ . Let xj = xbj, x = xb. Then bj < b implies 
fjx E A, j > 1. Consider the weakly compact operator S,, : A + C(G)/A 
associated with x2, sending f to X’f + A. Passing to a subsequence, we may 
assume that f2xj + A converges weakly to h + A. where h E C(G). In other 
words, jX2xj dv -+ J’ h dv for all measures v E Al. If c E r, c 6Z I-+, then 
xc da E A’. Moreover, J” X2xjx da = 0 unless f2xjx, = 1, and this occurs for at 
most one index j. In the limit, we obtain J” hx, do = 0 for all c E r”\r+ . Hence 
hEA,andweobtainJ”~2Xjdv+OforallvEA’. 
Since A is antisymmetric, x is not invertible, and the range of x on MA 
coincides with the closed unit disc. Choose p E MA such that 0 < Ix(o)] < 1. 
Let ,D be a representing measure on G for (o. Applying the above to 
v = lx - xb)llu E A -3 
we obtain 
lim I j-co. 
‘f2xj[x -x(o)] dp = 0. 
The complex conjugate of this integral coincides with 
J’XX; dP --xO!‘X[Xfj] 4 = tijX>(cO)[ 1 - Ix(v)I’I* 
We conclude that Ejx)(o) --) 0. However, from x = Xj[fjX] we obtain X(V) = 
Xj(rP>oSjX)(V’> SOthat 
IoljX)(rP>l 2 IX(rP>l  Oa 
This is a contradiction, and consequently (i) is established. 
Next we prove (ii). The proof, which follows Rudin’s line of proof for the 
archimedean case in [24], depends only on the fact that Ha(a) + C(G) is a 
subalgebra of Loo (a). 
Let H be the closed subgroup consisting of x E G such that xb(x) = 1, and 
let t be the Haar measure on H. Let f be the radial boundary values of a 
function in Hm(d) that is discontinuous on &I. Let {f,} be a bounded 
sequence of polynomials in z that converges almost everywhere (de) to f. 
Then f, o xb converges a.e. (da) to f 0 xbr so that f 0 x,, E H”O(u), and 
furthermore (f 0 xb) * r = f o xb. By the hypothesis, &(f 0 ,yb) = g + h for 
some g E H*(u) and h E C(G). Thenf o xb =x, g + xa h. Convolving with r, 
we obtain f o xb = 01, g) * r + (J, h) * r. Now f o x,, is discontinuous, and 
(x, h) * t is continuous, so (x, g) * z is discontinuous, and in particular 
01, g) * r does not vanish. Now the Fourier transform of 7 is the charac- 
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teristic function of the subgroup of r generated by b. Since km = x$$ 
is not identically zero, there exists an integers m such that Xag(mb) = 
(x,g&,du#O. Since gEHm(a), mb-aEr,, and mb>a. If m>O. we 
are done. If m < 0, then we obtain a < 0 < b, and we are done anyway. 
To prove (iii), fix b > 0. For each positive integer m, mb has only finitely 
many predecessors. Furthermore, each a E Z-+ precedes mb for some integer 
m, by (ii). Consequently there are at most countably many elements of r+ , 
and (iii) follows since r+ -r+ = r. m 
18.4. THEOREM. Suppose A is tight on G. If a E r satisfies a > 0, then 
O<J~~~<lonM,\G,with~,(~)=Oifandonlyifcp=cp,. 
Proof: If a > 0, then ]]xa]] = 1 and X&D,) = 0. Consequently (x0 1 < 1 on 
the Gleason part of o,, which is precisely M,\G. Suppose o E M,\G 
satisfies x,(o) =O. Let b EI’, , b > 0. By Theorem 18.3 (ii) there is a 
positive integer m such that mb > a. Then x,,,~-~ EA. Evaluating the identity 
xoxrnbea = xr at ~1, we obtain x*(o) = 0. Since this is true for all b > 0, we 
conclude that c~ = p,. I 
We mention an example for which Hm(a) + C(G) is not an algebra, yet 
the remaining properties of Theorems 18.2, 18.3 and 18.4 hold. Let 
r= Z @ Z, and define 
r+ = ((m,n):m>, l,n> l}U((O,O)}. 
Then G is the torus T x T, and A is the algebra of functions analytic on the 
polydisc A x A, continuous on TX 2, that are constant on (ZX {O}) U
((0} x 2). MA is obtained from 3~ d by identifying this set to a point p,. 
Thus M,,\G consists of a single Gleason part and Glicksberg [ 131 has shown 
that statement (iii) of Theorem 18.2 is valid. Evidently the properties of 
Theorems 18.3 and 18.4 are also valid. Yet H”O(a) + C(T x T) is not an 
algebra, and this can be seen as follows. As before, choosef E H”(A) that is 
discintinuous on T = aA. Then F(z, w) = zf(z) belongs to Ha(a) and is 
discontinuous. Suppose FF = F + h, where G E H”O(a) and h E C(T x T). 
Observe that for g E A we have 
J 
.2m 
g(eie, ei@) dv = constant = 27cg(O, 0). 
0 
The same identity then holds for g E H”O(a). Integrating the identity 
ZF = G + h with respect o dyl, we then obtain 
eeie’(eiO) = constant + [ h(eie, ei@) dv. 
580/46/Z 6 
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Since the right hand side depends continuously on 0, we have contradicted 
the choice ofJ: We conclude that 5F does not belong to P’(a) + C, so that 
Ha(a) + C is not an algebra. 
As a test example, we mention the following modification of the preceding 
example. 
Let r=Z@Z and set 
r+ = {(m, n): m, n > 0, fi< n < m*}. 
Again M, is the quotient space obtained from the closed bidisc by iden- 
tifying the coordinate axes to a point. For this example, we do not know 
whether A is tight. 
19. ALGEBRAS OF ANALYTIC ALMOST-PERIODIC FUNCTIONS 
We specialize now to the case in which the ordering on r is archimedean. 
In this case, r can be viewed as a subgroup of the reals R, and we will 
assume that r is dense in R. The map t -+ e,, where 
x,(e,) = eia’, a E r, 
embeds R as a dense subgroup of G. We identify R with its embedded image 
in G, and consider the Cauchy measure 
p=i dt 
7c-G-F 
on R as a finite measure on G. The algebra H”O@) may be identified with the 
algebra of bounded analytic functions in the upper half-plane. The following 
analogue of Lemma 18.1 is valid. 
19.1. LEMMA. Let r be as above, and let ~1 be the Cauchy measure on 
the dense subgroup R of G = I? Then: 
(i) ball@’ n L l(u)) is weak-star dense in ball A I. 
(ii) d(h, A) = d(h, HW(u)), all h E C(G). 
(iii) H”(p) + C(G) is a closed subspace of L”O(,u). 
(iv) ball A is weak-star dense in ball Hm@). 
Proof: Statement (iv) is the Hoffman-Wermer Theorem [7] valid for any 
representing measure for a Dirichlet algebra. Statements (ii) and (iii) follow 
from (i) and Theorem 14.2, so it suffices to establish (i). Note that (iii) also 
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is a special case of Rudin’s Theorem (24, Theorem 51, since the functions in 
C(G) are uniformly continuous on IR. 
In view of Lemma 18.1, it suffices to show that ball@ ’ 17 L ’ (6)) is weak- 
star adherent o ball(A’n L1 01)). According to a result valid for Dirichlet 
algebras, A1 n L’(o) coincides with HA(a), the L’-closure of the functions 
f E A satisfying j f da = 0. Thus it suffices to show that any measure of the 
form f da, where f E A satisfies j /f ] da = 1 and l f do = 0, is weak-star 
adherent o ball (A’n L’@)). For this, let 
pr=u dt 
n y= $ t= ’ y = -log r, 
the Poisson measure for the point of the upper half-plane, and set 
vr= [f - (fh+. 
Since ,u, is multiplicative on A, v, E A ’ f’? L ‘(,u). Since ,L, converges weak-star 
to u as r -+ 0, v, converges weak-star to f do as r -+ 0. Moreover, s f dp, + 0 
and J-lfldw~lfld u, so that ]( v,]] -+ 1. It follows that f do is adherent o 
ball(Al n L lb)), as asserted. 1 
As remarked earlier, Rudin [24] has proved that Hm(u) + C(G) is not a 
subalgebra of Lm(u). We will establish, by the same approach, the analogous 
result for W’(U) + C(G). 
19.2. THEOREM. H”O(,u) + C(G) is not a subalgebra of L”O(.u). 
Proof. Consider the entire function f(z) = (sin z)/z, which satisfies an 
estimate 
If(z eiyly z=x+iyEG. 
Thus f is the Fourier transform of a distribution supported on the interval 
[- 1, 11. Since f is bounded on the real line, and since the interval [- 1, 1 ] is 
a set of spectral synthesis [ 181, f belongs to the weak star closure of the span 
of the exponentials e’“‘, -1 < a < 1, in L “01). Since r is a dense subgroup 
of R, f lies in the weak-star closure of the linear span of the exponentials x0, 
for aET, -1 <a< 1. 
Choose M E r such that M > 1. Then XHf E H”(p). Choose a measure v 
on IR whose Fourier transform v^ has compact support and satisfies 0(s) = 0, 
for ~20, c(s)= 1 for -1 --M<s< 1-M. Then $xGf =xcA so that 
v * kbMf) = xeMf Furthermore v * Ha)(p) = 0. 
Suppose that x-,,,f = g + h, where g E H”(D) and h E C(G). Convolving 
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with V, we obtain xmMf = v * h E C(G), so that f E C(G). However,f(t) + 0 
as t -+ +co, and since the e,‘s cluster towards all G as t -+ co, we obtain f = 0 
on G. This contradiction shows that xPMf6S EP@) + C(G), and the theorem 
is established. fl 
We wish to thank P. Koosis for suggesting to us the use of the function 
(sin z)/z. 
20. APPENDIX ON REDUCING BANDS 
Let X be a compact Hausdorff space, C(X) the continuous complex-valued 
function on X, and M(X) z C(X)* the finite regular Bore1 measures on X. 
Recall that a band of meusures is a closed subspace 9 of M(X) which 
contains, along with v E 9, all measures absolutely continuous with respect 
to v. The complementary band 9 of 3 consists of the measures ingular to 
each measure in 9. The Lebesgue decomposition theorem becomes 
and there is a corresponding projection of M(X) onto 9. 
Associated with 9 is the space Loo(g) consisting of uniformly bounded 
families of functions F = {F,}uE9, where F,, E L”O(v), and F,, = F, a.e. (dv) 
whenever v < ,u. The norm in L”O(,S) is given by 
IlFll = SUP{IIF,IL~: v E .gI. 
There is a pairing between .9 and Lm(A?), given by 
(v, F) = I’ F, dv, vE .A?, FE Lm(9). 
This pairing determines an isometric isomorphism of Lm(3) and the dual 
space 9* of 9: 
Lm(B) z 9*. (20.1) 
In the future, we will drop the suffixes, and regard an element F E Lm(39) 
as belonging itself to Lm(v) for all v E 9. 
A net {F’“’ } in Leo(2) converges weak-star to F E Lm(9) if and only if 
FCa’) converges weak-star to F in L”(v) for all v E 9. More generally, it is 
easy to check that F E Lm(9) belongs to the weak-star closure of a subset S 
of L”O(9) if and only if F lies in the weak-star closure of S in L”(v) for 
each v E 3’. 
TIGHT UNIFORM ALGEBRAS 213 
Multiplication of functions in L”O(9) is defined in the obvious way, so 
that Lm(9) becomes a commutative B *-algebra. According to the 
Gelfand-Naimark theorem. 
Loo(.9) E C(Y), (20.2) 
where Y is the spectrum of L”“(9). 
If v E .B and F E L “(9), we may define Fu to be the obvious measure in 
.8. Thus .9 may be regarded as an L”(9)-module. 
If P E L”O(9) is an idempotent (that is, P2 = P), then P.9 is a subband of 
.9, consisting of all measures vE 9 such that P = 1 a.e. (dv). Each subband 
of 9 arises from an idempotent in L”O(.B) in this manner. Thus there is a 
one-to-one correspondence between subbands of 9 and idempotents in 
L”(.%). 
Now let A be a uniform algebra on X. For v E M(X), define H”(v) to be 
the weak-star closure of A in L”O(v). More generally, if .S is a band of 
measures, define Hm(9) to be the weak-star closure of A in Lco(.9). Thus 
Hm(.9) consists of all FE L “(9) such that FE H”O(v) for all v E .%. 
As a special case, consider the band .B = M(X) of all measures on X. The 
representation (20.1) leads to the representation 
C(X) * * g Loo (M(X)). 
Since the double dual of A can be regarded as the weak-star closure of A in 
w>**, we obtain 
A * * z Ha@!(X)). 
20.1. LEMMA. The folio wing are equivalent, for F E C(X) * * : 
(i) FEA**, 
(ii) F is orthogonal to A’, that is j F dv = 0 for all v E A ‘, 
(iii) FA’ E A’. 
Proof. The equivalence of (i) and (ii) is a special case of the following 
fact about Banach spaces: If $’ is a closed subspace of Z, then 
$?* * = (J?‘)l, where both spaces are regarded as subspaces of %* *. 
Noting that AA’ E A’, and passing to weak-star limits, we find that 
A **A’ G A’. Hence (i) implies (iii). On the other hand, if FA’G A’, then in 
particular (F dv = 0 for all v E A’, so that F 1 A’, and (ii) is valid. 1 
Recall that a band 9 of measures on X is a reducing band if the 
projection into 9 of any measure in A’ also belongs to A’. Reducing bands 
can be characterized in terms of their corresponding idempotents in C(X)**. 
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20.2. LEMMA. Let A be a uniform algebra on the compact space X. Let 
9 be a band of measures on X, and let P be the corresponding idempotent in 
C(X)* *. Then 3’ is a reducing band tf and only tfP E A**. 
Proof Observe that Pv is the projection of v into 9, for any measure v 
on X. From the definition, we see then that 39 is a reducing band if and only 
if PA’s Al. By Lemma 20.1, this occurs if and only if P E A**. 1 
It is easy to check that the subbands of M(X) form a complete lattice of 
subspaces of M(X). Furthermore, we have the following. 
20.3. LEMMA. The reducing bands form a complete sublattice of the 
lattice of all subbands of M(X). Equivalently, the idempotents in A** form a 
complete sublattice of the lattice of idempotents in Lm(M(X)). 
Proof. If (~3~) is a family of reducing bands, then n ~3’~ is easily seen to 
be a reducing band. It is not quite so obvious that the band generated by the 
9=‘s is a reducing band. To see this, we will make use of the observation 
that the band 9 generated by the AYe’s consists of those measures of the 
form C v,, where v, E ~3~ and the series converges in norm. 
Let v E A’, and let v, be the projection of v into 9. In view of the obser- 
vation above we can select bands .9,, 9z ,... from { <$a } such that v, belongs 
to the band generated by A?,, 9z ,... . Define a sequence {v,~} of measures by 
induction so that vi is the projection of v into 9,) and vj is the projection of 
v-(VI + ..* + vj-,) into .Bj, j > 2. Then the vj are pairwise mutually 
singular, and the series C vj converges in norm to v,. Since each J8’i is 
reducing, we see by induction that vj E A ‘. Hence v, E A’. This proves that 
the band generated by the ,%is is a reducing band. 1 
20.4. LEMMA. If ,59 is a reducing band, then 
A**~HH”O(&9)@Hw(.9). 
Proof: Corresponding to the idempotent P of 9, there is a direct sum 
decomposition 
A**zPA**@(l--)A**. 
It suffices to show that 
PA** rH”(9). 
For this, let F E W’(9), and let (f, ) be a net in A converging weak-star to 
F in L’O(9). Then Pf, E A**, and (Pf, } converges weak-star in A * * to an 
element G E A** satisfying G = 0 a.e. (dp) for all p E 9’ and G = F a.e. 
(dv) for all v E 3’. Thus G E PA* *. and the correspondence G tf F is 
evidently an isometric isomorphism of PA * * and ZP(9). 1 
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Note there is a natural inclusion A s H”(9), however, it may not be true 
that A c PA**. It may be convenient o regard H”O(9) as a subalgebra of 
C(X)**, but when this view is taken, the functions in A must be altered to 
vanish a.e. (&) for ,u E 9. 
An example of a reducing band is the singular band ,ic‘, consisting of the 
measures r that are singular to all measures in A’. The complementary band 
of .Y is the band 91 generated by the measures in A’. By definition there 
are no nonzero measures in 9 orthogonal to A, so that A is weak-star dense 
in La (, Y ), and H”O (, V) = L m (% i”). The preceding decomposition becomes 
A** z L”D(.Y) @ Hm(.5?). (20.3) 
As a second example, let (D E MA (the maximal ideal space of A), and let 
.gV denote the band generated by the representing measures on X for q,~. The 
content of the abstract F. and M. Riesz Theorem is that ~8~ is a reducing 
band. (See [7, Theorem 1.7.61.) If w E M, belongs to the same Gleason part 
as rp, then 9,,, = 9,,, ; otherwise s0 is singular to gV. 
20.5. LEMMA. Let cp E MA, and let Q c MA be the Gleason part of rp. 
Then 9q includes all measures carried by Q n X. 
Proof. Let Q, be the set of I,V E MA such that ]I v/ - cp]I < 2 - l/n. Then 
Q = U Q,. Note that if {f,} is a net in A such that Ilf,ll < 1 and f,(p) + 1, 
then f, -+ 1 uniformly on Q,. Indeed, otherwise upon passing to a subnet we 
could find w, E Q, such that the hyperbolic distance from f,(p) to f,(ty,) 
tends to fao. Then by composing f, with an appropriate Mobius transfor- 
mation, we could find g, E A satisfying I g, I < 1, g,(q) -+ 1 and 
g,(t,u,) + -1, contradicting v/, E Q,. 
Since the unit ball of A is weak-star dense in the unit ball of A * *, there 
exists a net {f,} in A such that I] fell < 1, and the f, converge weak-star in 
A * * to the idempotent of the band ,sV. In particular, if )I is a representing 
measure on X for cp, then 1 f, dv --) 1. Thus f,(q) -+ 1, and (f,} converges to 
1 uniformly on each Q, . Hence {f, } converges to 1 weak-star on La(u), for 
any measure ,D carried by Q = lJ Q,, and any such measure belongs to the 
band 9*. I 
A reducing band .9 is a minimal reducing band if .B # {O}, while (0) is 
the only reducing band properly included in 9’. Minimal idempotents in A * * 
are defined similarly, and there is a one-to-one correspondence between 
minimal reducing bands and minimal idempotents in A * *. 
20.6. LEMMA. If v, E MA, then the reducing band 9V generated by the 
representing measures for q~ is a minimal reducing band. 
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ProoJ Let v be a representing measure for o. Then the identity 
is easily seen to persist for all G,, G, E W’(,59), so that v is multiplicative 
on H”O(3). 
Let V be a reducing band such that @ & .5?, and let G E A * * be the idem- 
potent of ‘Z. Then 
)‘Gdv= I’G*dv= 
SO that either s G dv = 0 or j G dv = 1. If ,D is any other representing measure 
for 9, then p - v is orthogonal to A, hence to A * *, and ( G dp = j G dv. It 
follows that either J‘ G dp = 0 for all representing measures ,U for cp, or 
j G dp = 1 for all representing measures ,U for o. Since G assumes only the 
values 0 and 1, we conclude that either G = 0 a.e. (dp) for all p E .8), or 
G = 1 a.e. (dp) for all ,D E .9. In the former case, V = (O), while in the latter 
case, PY = .f. Hence .9 is a minimal reducing band. 1 
Suppose that 9 is a minimal reducing band such that 3 & Y. Since 
every subband of 9 is reducing, it is easy to see that 9 must consist of the 
multiples of the point mass 6, at some point x E X. By Lemma 20.6, 6, is 
the only representing measure on X for x, so that x is a generalized peak 
point for A. Conversely, if x is a generalized peak point for A, then the 
multiples of the point mass at x form a minimal reducing band included in 
9. Such minimal reducing bands are called the trivial minimal reducing 
bands. Any other minimal reducing band is said to be a nontrivial minimal 
reducing band. 
Since the intersection of two reducing bands is again a reducing band, any 
two minimal bands either coincide or are singular. Consequently it makes 
sense to consider the direct sum C -%a of the family {5Ya} of nontrivial 
minimal reducing bands. By definition, the measures in C Jx?‘~ are of the 
form 2 v,, where v, E .9a, and the series converges in norm. In particular, 
at most countably many of the v,‘s are nonzero. 
It turns out that the band .P @ C .59= need not fill out M(X). In order to 
characterize the measures in the complementary band of 9 0 C 5Ya, we 
make the following definition. A measure T on X isfinely decomposable if for 
every E > 0, there exist pairwise singular reducing bands 5F, ,..., gm such that 
sE F, 0 *** 0 @$,, while the projection of r into q has norm at most E. 
20.1. LEMMA. A measure t on X is finely decomposable if and only ifs is 
singular to each minimal reducing band. 
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ProoJ The reducing bands form a complete Boolean algebra, which by 
Stone’s theorem is isomorphic as the algebra of clopen (closed and open) 
subsets of a totally disconnected compact space S. Under this isomorphism, 
the minimal reducing bands correspond to the isolated points of S, that is, to 
the points s E S such that the singleton (s} is a clopen subset of S. 
Each measure r on X determines a positive measure r’ on S, defined so 
that if E is a clopen subset of S corresponding to a reducing band .58 with 
idempotent P, then z’(E) = /lP511. 0ne checks easily that the measure r’ is 
normal, that is, any nowhere-dense Bore1 set has zero r/-measure. In 
particular, the atomic component of r’ can have point masses only at the 
isolated points of S. 
Now observe that 7 is finely decomposable if and only if for each E > 0, 
there exist disjoint clopen subsets E, ,..., E, of S such that t’ is carried by 
IJ Ej, while r’(Ej) < E, 1 <j< m. This occurs if and only if r’ is purely 
nonatomic. In turn, this occurs if and only if the projection of r into each 
minimal reducing band is zero, that is, r is singular to each minimal reducing 
band. I 
The lemma shows that the finely decomposable measures form a reducing 
band of measures, and we obtain immediately the following decomposition 
theorem due to one of the authors, and announced by the other in [ 10, 
p. 127). 
20.8. THEOREM. Let A be a uniform algebra on X, let .Y be the band of 
measures singular to A’, let (.SYa) be the family of nontrivial minimal 
reducing bands, and let F? be the set of j%ely decomposable measures that 
are singular to ,Y. Then g is a reducing band, and 
M(X)=.IC’@F-@~C.2fa, (20.4) 
A’=(A’nF)OCO(A~n.ijr’,). (20.5) 
Along with these decompositions there is a corresponding decomposition 
for A * *, 
where the direct sum is to be understood in the appropriate sense. 
The next lemma is a simple consequence of Theorem 2.8. 
20.9. LEMMA. If v is any extreme point of the unit ball of A’, then v 
belongs to some nontrivial minimal reducing band. 
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Proof: Let 9 be the smallest reducing band containing v. Suppose that 
3 is not minimal. Let 9 = @, @ gZ;, where g, and gZ are nonzero reducing 
bands. Since .53 is minimal, the projection vj of v into gj is not zero. Since 
II%Il +llv,II =IIvII= 13 
v= Ilvlll(vllllvlll) +IIbllwIv*ll) 
expresses v as a convex combination of measures in the unit ball of A ‘, and v 
is not extreme. I 
20.10. THEOREM. In the decomposition (20.5) of Theorem 20.8, the sum 
JJ (Al n z&) is weak-star dense in A’. 
Proof. This follows immediately from Lemma 20.9 and the fact that the 
unit ball of A’ is the closed convex hull of its extreme points. 1 
Now we turn to several elementary examples of the band ecomposition 
appearing in Theorem 20.8. In the case of the disc algebra A(A), regarded as 
a uniform algebra on the closed unit disc d, the decompositions (20.4) and 
(20.5) become 
M(d)=Y@~~, 
A(d)** z L=‘(Y) @ H”O(S’,), 
when s@A is the reducing band corresponding to the Gleason part A, 
consisting of all measure on d whose restrictions to aA are absolutely 
continuous with respect to arc-length measure. The summand Hm(,YYA) is 
easily seen to be isometrically isomorphic to H”O(A). This example has been 
extended to certain pseudoconvex domains in Section 2. 
As a second example, let X = [0, 1] x aA, and let A be the algebra of 
continuous functions f(t, z) on X such that for each fixed t, f(t, .) is the 
restriction of a function in the disc algebra A(A) to aA. In this case, 
MA = 10, 1 ] x 2, and the nontrivial Gleason parts of A are the slices {t) x A. 
The corresponding reducing band ,5Yt consists of the measures on (t} x aA 
that are absolutely continuous with respect to de. The singular band .Y 
consists of the measures carried by Bore1 subsets E of X such that each slice 
E, = (z: (t, z) E E} has zero arc length. The technique of disintegration of 
measures shows that every measure in A ’ is absolutely continuous with 
respect o a product measure t x de, and in fact has the form h(t, e”) dr de, 
when h E L’(t x de), and h(t, .) belongs to the classical Hardy space HA(de) 
for r-almost all t E (0, 11. (See [2].) In this case, the finely decomposable 
band F consists of precisely the measures on X of the form h(t, ei”) dt(t) de, 
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where r is a measure on [0, l] with no point masses, and h E L ‘(7 x de). 
The decompositions (20.4) become 
M(X)=.Y OF-0 \‘ ,/t, 
OSKI x9 
A**%L”(.ic’)@H”“(F)@ \‘ H”C((t} XA). 
O<?l 
As a third example, let X = (ad) x (ad), and let A be the bidisc algebra of 
continuous functions on X that extend to be analytic on A x A. The maximal 
ideal space of A coincides with d x 2. The nontrivial Gleason parts are 
A x A, the analytic discs A x {w), for w E c~A fixed, and the analytic discs 
{z} X A, for z E 3A fixed. In this case, the band g of finely decomposable 
measures appearing in the decomposition (20.4) consists of two subbands 
where g, and KZ are similar to the corresponding band in the preceding 
example: 8-, consists of measures of the form h(eie, ei’) dr dy, where 7 is a 
measure on ZA with no point masses and h E L’(7 x dy), while K* is defined 
similarly, with the roles of the variables interchanged. For more on this 
decomposition, see 121, and also [ 10, pp. 145, 1461. 
It may happen that there are minimal reducing bands that do not arise 
from Gleason parts. This occurs, for instance, in the case of the algebra 
W”(A), regarded as a uniform algebra on the spectrum of L”O(d0). More 
generally, the following true. 
20.11. LEMMA. Let A be a logmodular uniform algebra on X that is not a 
Dirichlet algebra. Let v be an extreme point of the unit ball of the real 
measures on X that are orthogonal to A. Then v belongs to a minimal 
reducing band that does not correspond to a Gleason part of A. 
ProoJ One checks easily that v is in fact an extreme point of the unit 
ball of A’. According to Lemma 20.9, v is included in a minimal reducing 
band 53’. Each homomorphism (o E MA has a unique representing measure 
m, on X, so that the corresponding minimal reducing band -ii9, is simply 
L’(M,) dm,. It is known [7, p. 1091 that Re(A) is weak-star dense in 
Re L”‘(M,), so that there are no nonzero measures in A’ n 5!YW, and v 6Z .!SW. 
Thus S is distinct from the ZSO’s. I 
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